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The author was led to make the investi- 
gations contained in this little treatise hy 
a desire to satisfy his own mind as to the 
relative advantages of several different 
methods which have been employed in 
the construction of Skew Arches. 

The two important points of compari- 
son that naturally suggest themselves to 
the investigator are : 

1st. Relative security ; 

2d. Relative facility of construction. 

A discussion and comparison of three 
modes of construction, with special refer- 
ence to these points, will be found in 
the following pages, together with brief 
descriptions of the manner of making the 
necessary draughts, patterns, templets, 
etc. 

The paper first appeared in Van Nos- 
trand's Engineering Magazine, for 
which it was written. \ 

[E. W. Htdb. 



SKEW ARCHES. 



I PROPOSE in this paper to discuss to^ 
some extent three methods which have 
been employed in the construction of 
oblique or skew arches, and to make a 
comparison of their relative security^ 
facility of construction, etc. 

The three methods will be designa- 
ted as, 

1st. The Helicoidal method. 

2d. The Logarithmic method. 

3d. The " Corne de Vache " or CowV 
horn method. 

The first two names are derived from* 
the nature of the coursing and heading;, 
joint surfaces and their intersections with 
the soffit, and the third from the soffit, 
itself, which is a warped surface that has^ 
been thus named. They will be consid- 
ered in the order given above. 
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The following abbreviations will be 
used throughout the paper : 

C j c, for coursing joint curve, or inter- 
section of coursing joint with soffit. 

H j c, for heading joint curve. 

C j s, for coursing joint surface. 

H j s, for heading joint surface. 

H P, for the horizontal plane of projec- 
tion. 

V P, for the vertical plane of projec- 
tion. 

P P, for the plane of the face of the 
tirch. 

Ex. s, for the extradosal or outer sur- 
face of the arch. 

THE HELICOIDAL METHOD. 

In this method the C j s's and H j s's 
tare both warped helicoids, and of 
course their intersections with the soffit 
helices. 

Let D Dj C,be the projection of the 
soffit on the H P which coincides with the 
springing plane of the arch, and D' V Ci 
is a semicircle whose radius will be desig- 
nated by r. 



The Ex. B will be taken as a conoentrio 
cylinder projected in A B B^ Ht and B' 
y At and its radius will be designated 
byr^ 

To construct the and H j o's we will 
first develop the soffit. Lay oft Oi T^tt 
=3,1416 r ; the points of the curve D E F 
Ci may be found by the principles of de- 
scriptive geometry or by means of the 
equation of the c^irve, which we shall ob- 
tain. The latter method is much more 
accurate for construction upon a large 
scale. 

Let h=D'J)^ and a = angle CJDjy = 

2r 
obliquity of the arch; .*, tang, asss— 

Also = variable angle sQD\ The 
origin will be taken first at Oi. We 
have firom the figure 

.*. i^'\'y f (1, — COS 6) = 1— ^<w 9 
h '~2r 2 

... l-ooa0 = ^ + ^y 
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and cos 6= — -^ 



• • 



e-^^(-f) 



whence a; = r cos 

Solving for y we have 



— 1/ 2y 



i-fy 



(1) y = __.eo«— , 

which is the equation of D E F C, with* 
the origin at Oi. If the origin be moved: 
to Ot the equation becomes 

From either of these equations the 
values of y for given values of x may be- 
easily obtained by the aid of a table of 
natural sines and cosines. 

Having constructed the curve D E F Oi, , 
join D and Ci by a straight line. This 
will be the development of a H j c. At 
O, draw O, S perpendicular to D Ci. Of 
S is the development of ^ of a spire of the^ 
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helix which forms the C j c's, and oorre- 
*8ponds to the curve O P B. 

TtT 

The angle TO^S= TCiO^=tang.—^— 

(3) ^V ' 

it A 

N"ow divide D E F Qinto a convenient 
odd number of equal parts, so arranging 
it as to cause one of the G j c's as S D, 
to pass through Dj. The developments 
of the C j c's are of course drawn parallel 
to Oa S through the points of division of 
the curve D E F Cj. If it were not con- 
venient to divide D E F Ci in such a man- 
ner that a line through Da parallel to O^S 
would exactly pass through one of the 
points of division, the direction of the 
C j c's might be slightly changed, or the 
-divisions b&tween Da S and Oa S might be 
made very slightly larger or smaller, as 
the case required, then the divisions from 
D to d and from C, to 6'. The latter 
method seems preferable^ since it pre- 
serves the perpendicularity between the 
C and H j c's, and the difference in the 
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size of the voussoirs would be so small a&^ 
not to be noticeable. 

All the courses below S and Si run outl- 
into the abutment, and the impost must- 
be cut in steps, as shown in the figure^ 
into which the voussoirs will fit. 

A G H Bi is the development of the ex- 
trados, and the right line x y that of a 
helix in which one of the H j s's inter- 
sects the Ex. s. O4 Ri is the develop- 
ment of the curve O L Ri, in which a 
G j s intersects the Ex. s. 

Tan xy 0^ = — . 

TtTi 

r nr nr ^ 
— , —r- = TT — tan a. 
Ti A 2 ri 

The C j s's are generated by a right 
line moving on the axis O Q as one di- 
rectrix, the helix O P R as a second, and 
remaining always perpendicular to the 
former. Heuce the V P is a plane direo- 
ter of the surface. 
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The details of the construction of s 
skew arch hj this method are fully devel- 
oped in "A Practical and Theoretical 
Essay on Oblique Bridges," by John 
Watson Buck, M. Inst. C. E. He, how- 
ever, makes the C and H j s's hyperbolic 
paraboloids instead of helicoids, as fol- 
lows : The comers of the voussoirs are 
normals to the soffit at the intersection of 
the H and C j c's, and hence are elements 
of the warped helicoids, which should 
form the BL and C j s's. The points 
where two of the normals on the same 
side of the voussoir pierce the soffit are- 
joined by a right line, and this line is 
moved on the normals as directrices in 
such a manner as to pass over equal dis- 
tances, measured on the normals in equal 
times, by which operation a hyperbolic 
paraboloid is generated. The accompa- 
nying figure is an exaggerated represen- 
tation of the effect of cutting the stones 
in this manner. ABCDandEFGH 
are the developed introdosal surfaces of 
two voussoirs in successive courses. If 
the courses were not required to break 
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joints, the stones would fit perfectly, but 
as this is necessary to the stability of the 
arch, that portion of a stone which is too 




full will come opposite to the portion of 
the one in the next course which is likewise 
too full, and similarly the hollow portion 
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of one opposite to tlie hollow portion of 
the next. 

The truth of these statements will 
appear as follows: The hyperbolic 
paraboloid evidently cannot coincide with 
the helicoid, as they are surfaces con- 
structed according to a different law. 
The normals to the two adjacent corners 
of a voussoir are elements of both surfaces. 
The normal midway between these 
two is also an element common to 
the two surfaces. Hence it is evi- 
ident from the mode of their genera- 
tion that the two surfaces intersect 
each other along eaoh of these three 
lines. A section of the surfaces by a 
plane perpendicular to the middle nor- 
mal would give something like the accom- 
panying figure, — ^ '^ ^ ^ the straight 

line being the intersection with the hyper- 
bolic paraboloid and the curve that with 
the helicoid. 

However, if the voussoirs are small 
compared with the whole arch, as in Fig. 
1, the difference between theparaboloidal 
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and helicoidal surfaces in the length of 
one voussoir will be exceedingly small, 
and the stones will fit with sufficient ex- 
actness for piactical purposes. Never- 
theless, the te7ideney is to cause the pres- 
sure to be unequally distiibuted, concen- 
trating it at K, Ki, K2 and at A, C, E and 
G. The difficulty of cutting the warped 
faces of the roussoirs is considerably 
diminished by this approximate method. 

An investigation will now be made of 
the security of an arch constructed ac- 
cording to the helicoidal method. 

In order that there may be no tendency 
in the successive courses to slide upon 
each other, it is evident that each C j s 
must be at every point normal to the 
direction of the pressure at that point. 
We shall consider first the direction of 
pressure as regards its parallelism to a cer- 
tain vertical plane, without reference to 
the angle it may make at any point with 
the H P. This vertical plane is the place 
of the face of the arch. It is probable 
that the direction of pressure varies some- 
what with reference to this plane in differ- 
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en I portions of the arch, especially if the 
crown settles to any extent after remoral 
of the centre. Still it must be approxi- 
mntely parallel to the P F, otherwise the 
portions near 6 and A^ would be un- 
supported and would consequently fall. 
For the purposes of the investigation 
then the direction of pressure will be 
assumed to be in a plane parallel to the 
P T, and from the results obtained we 
shall be able to see without diflficulty 
the effect upon the security of the arch 
which would be produced if the direction 
of pressure were not parallel to the P F* 
Proceeding then on this assumption, a 
line drawn on the C j s of any voussoir 
and lying in a plane perpendicular to the 
P F and to the H P ouffht to be horizon^ 
(aly but as this line would be the interseo* 
tion of a warped helicoid by a plane not 
containing an element of the surface, it 
must be a curve^ and can only be l^ori- 
sontal at a maximum or a minimum 
point, at infinity, or at some singular point. 
The intersection of the C j s of a voussoir 
by a horizontal plane should give a line 
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perpendicular to the P F, but this Udb 
would be also a curve, and could have the 
required direction only at one or more 
points. It becomes necessary then to dis- 
cover the nature of. these curves and the 
direction of their tangents at the point of 
piercing the soffit. 

In Fig. 1 (Frontispiece) the curves Q 
P4 a, Q P', 5, etc., are the vertical projec- 
tions of the curves cut by the vertical 
planes, P4 5, P, k^ etc., from the helicoid 
whose directrices are the axis O Q and the 
helix O P R. The curve Q P'c has a maxi- 
mum point at P P' where it piej-ces the 
soffit; all those above it have a maxi- 
mum point outside the soffit, and those 
below it have one inside the same. 

The curves O Pi^, O P, q^ etc., are cut 
by horizontal planes through the points 
P4 P'o P«', etc. The curve through P is 
not drawn, but if it were it would be tan- 
gent at P to the line P A. 

It is plain from inspection of these curves 
that the courses belo sv P P' have a tenden- 
cy to slide upon each other in a direction 
from A, towards A, which increases as the 
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abutment is approached. In Fig. 1 this 
point P P' is on the tenth course from the 
abutment, and there are three coursing 
joints which would have a tendency to 
slide throughout their whole length with 
nothing to resist it except friction be- 
tween the surfaces. The partial courses 
would be prevented from sliding by the 
steps cut in the impost. Above P P' the 
tendency to slide would be in the oppo- 
site direction, but would be so small as 
not to affect seriously the stability of the 
arch. This will be evident from inspec- 
tion of the curves O Pi j9 and O Pa o. 

We will now investigate these curves 
analytically and determine the position 
of the point P P'. 

The distance T S, Fig. 1, is J the 
height of one spire of the helix O P R, and 

from eq. (3) TS= 1^^ = \ n^ r tan a. 

M ft 

Call the height of one spire of the helix 
Ai, then 

A,=^^^^ ==7t^rtan a. 
h 
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Let O be the origin of coords, the axis of 
the cylinder, O Q, the axis of 2, O T the 
axis of a;, and the axis of y a vertical line 
through O. Then we shall have for the 
helix O P E, 



27r hi' 
whence 6 = —7 1- -r-. 

fli 2i 

Also 

or substituting for A, its value 

A z 



(4) x = — r sin 



n r* 



which is the equation of O PR, the pro- 
jection on X Z of one of the j c's. 
The vertical projection, or the projection 
on X Y of this helix is 



(6) aj» + y'==r». 

To obtain the equation of the C j s, we 
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must find the equations of an element, 
and then eliminate the constant which 
fixes its position. Let one equation of 
the element be 

(6) 2 = 2i. 

To find the equation in terms of x and 
y, substitute in the equation 

y — yi ^ Vi — yt 

X — Xi Xi — Xi 

of a line through two points the proper 
values of aji, aj,, yi and y^. We have since 
all the elements cut the axis of Zy 

Xi= o and yi = o. 

Substituting from (6) in (4) 

. hzi 

and substituting this value of a^ in (5), 

yt=^^ f^ — r^stn* — -.=r *^ 1 — sin* —5 

h Zi 
= r COS — ?. 
Ttir 



r COS 
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.-.^ — ^ =_«,«% 

or making z^ general by dropping tht 
subscript, 

(7) y = — ^cot;^^ 

which is the equation of a Cj s. 

Now, intersect this surface by a vertical 
plane perpendicular to the P F, whose 
equation is 

2r 

(8) ^ = X ^^' " ^^' 

in which (Xi is the intercept on X. 

(9) ...y = -.oo.fJ^) 

which is the equation of the curves 
Q P' c, etc. 

In equation (9) if 

a? = 0, y = o; 

if^ = a,-(^^-^)^. 
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y=: — xcot 5-^ — =0, 



n being an integer ; 
if a? = Oi- 



n 7t* r 



2 ' 

y = — a? co^ n 7t = cr^, 

n as before being an integer. Hence the 
curve has an infinite number of branches. 
It is to be noticed that equation (9) does not 
contain A, the only constants being ;r, a^ 
and r, hence the form of the curves QJP'Cj 
Q Pi dy etc., is entirely indepe^ident of 
the obliquity of the arch. We will next 
differentiate equation (9) for a maximum. 

2 X 

sin^/2{ai-'X)\ 

\ 7t r J 

^ 2(ai — x) 

Let --^ ' = u 

n r 

2 X 



die \ n r J Ttrsi 



m .-. ^ 


... . > /*f\f tt — ■ 


ni 


For a maximum 




cot u = 


2 X 


n r sin* u 



(11) r.x, 
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7t r sin u cos u 
_ 

By ^solving equation (11) the valaes of 
X for which y is a maximum or minimum 
can be obtained. It is only capable, how- 
ever, of an approximate solution, but if 
we obtain the x co-ordinate of the inter- 
section of the locus of equation (9) with, 
the circle 

(12) ^ + y' = r,\ 

in which r, may have any value, and placer 
this value of x equal to that in equation 
(11), we shall obtain the value of ^ymw 
when the maximum point is at the inter- 
section of the two curves, 

/. substituting from (9) in (12) 

Xi + Xi cof Ui = r,* 

Xi (1 -f" cof Ui) = Xi cosec* Ui = r,V 

(13) /. Xi = riSin u^. 
/. by (11) and (13), 

Tt r sin Ui cos il 
r, sin Ui = 



2r, 

cos Ui=^ 

TT r 
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•2 (ai — Xi) _i/ 2 r,\ 

Tt r \ n T/ 



\7t r / 



7tr , / 2 r, 

— ~2 



Denoting by JtTmi the value of x for 
i^hich y^% a maximum when ^the locus 
of (9) is subject to^the condition of hav- 
ing a maximum point at its intersection 
with 3^-\\'it = ^«*> and*substituting the 
value of X just foundj in the 2d member 
of (13), we have' 



jCai=r,#m' 



0^^¥"-(-S))l 



n r 






'(— ) 






;r«r* 






(14) /. A;^=r,-'^ 



;r r 
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Let rtsszr, this being the condition 
that the maximum point shall be at thd 
point where the locus of (9) pierces the 
soffit, and we have 

f 

(15) ^mi = — Vtt* — 4 = rcoB t. 

Whence 

(16) Ar^=0.77118r = r cos 39^ 32' 23". 
This value of r may also be found by 

means of the curves OPi/>, OPjO, etc. In- 
tersect the surface of equation (7) by the 
horizontal plane 

(17) y = *. 

h z 



b = — X cot 



Tt f^ 



(18) or x= — b tan — -5, 

7t IT 

the equation of the curves OPij»?, etc. 
Differentiating 

(^^) --H^-bh'^^lF^ 

If2=±2X^^ ^^®) ^^^ (^^) ^® ^*^® 
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ch 



^ = cx-and-^ = o, 



7[ r 



showing that the lines z:= ± -^-t <nre 

4W8ymptotes of the curves. 

Intersect the circle a;* -f- y' = ^2* hy y = ^ 

Substitute this value of j; in (18) and 

h Zt 



ii f/i^j* — b* = — b ^ctJ^zrz»l whence 



(30) z^^^tan (±-\-—) 

:Zi is the z co-ordinate of the point in which 
the locus of (18) pierces the cylinder, con- 
centric with the soffit, whose radius is r,. 
• Substitute from (20) in (19), thus 



dZi n K^ 



s^=-*A^^l^" (— i— ) 



itf* t _, 1 
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n h 



<^') =-^© 



If ^2 = r, when the cylinder mentioned 
above becomes the soffit, 

which is the tangent of the angle between^ 
the tangent to the locus of (18) and the 
axis of X at the point where the locua 
pierces the soffit. If we make the con- 
dition that 

that is, that the tangent at this point shall 
be perpendicular to the P F, we have- 
from (22) and (23) 

;r Ji 2 r 

(24) .-. ^=-=0.63662 r=T%in 39*^ 32' 23"" 

which agrees with equation (16). 

It is thus apparent that in an arch con- 
structed by this method the portions be- 
low PP' or beyond the line r^y on the 
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development, should be omitted/ ^.e., the- 
arch should be always segmental with a 
span not exceeding 

2 r cos r=2 r cos 39** 32' 23"=1.54236r, 

provided that there is to be no tendency 
in the succesBive courses to slide on one 
another. The amount of this tendency 
to slide and its relation to the obliquity 
of the arch will next be investigated. 

Let us obtain an expression for the- 
angle 5 P* /< between the tangent line to 
O P4 r at P4 and the line P4 <? perpen- 
dicular to the P F. Let (§ P4 /^ = 0' then, 
equation (22), 

/a/ * — 1 2 r . — 1 7t h 

= tan -— - — tan — — 

h a 

^^?tan0'=^(tan~'^ ^-tan'^IL^^ 
\ h h J 

2 r 7th 

"A h' _h{^r—nh) 



1+ .a 



2 ;r^r A'* + 2 ;r 5 r 



If h = Oy tan d' = 0, .*• 6' = 0. 
If h = (x>tan& = 0, .-. 0' = 0. 
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^' must be equal to 6 when tan 6' =^o 
l)ecause it can never equal, much less ex- 
ceed 90° ; for if it can equal 90°, then we 
must have from (25) 

A' + 2 7thr = . 
,-. h = ^— 2 7t br ^ 

i. «., h must be imaginary. It follows 
that there must be some value of A for 
which tan 6' and therefore d\ is a maxi- 
mum. By placing the first differential 
co-efficient of the function with reference 
to h=s, we find this value to be 



(26) h^/^nhr. 

By this equation A = 2 r co^ or = 1.0445 r, 

]Q' max Qf max 

when J = r sin 10*=^ /. a = 62^ 25' for 

^'max 

this value of J. 

Now the tendency to slide at any point, 
as P4 P/, depends upon the angle be- 
tween the normal to the C j s at that 
point and the direction of the pressure. 
This last we have assumed to be in a 
plane parallel to the P F, ^We will now 
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assume for the purposes of the investiga^ 
tion that it coincides at the point P4P/ 
with the direction of the tangent at that 
point to the ellipse cut from the soffit by 
a plane through the point parallel to the 
P F. Let pi= tangent of angle between 
ground line and tangent line to curve 
QP/ a at the point P/ ; then the tangent 
of the angle between the tan line to this 
curve in space at the point P4 P/ and 
the H P will be =Pi cos a. 

Let pt = tangent of angle between a 
vertical line and the tangent line to the 
circle D' V C, at the point P4' = angle 
P4' Q Oj, then the tangent of the angle- 
between a vertical and the tangent 
line at P4 P4' to the section of the soffit 
parallel to the P F will be = p^ 
cosec a. 

Now to find the angle between the- 
normal at P4 P4' to the C j s, and the tan- 
gent to the section parallel to the P F,. 
we have given two sides and the includ- 
ed angle of a spherical triangle, the in-^ 
eluded angle being 6\ 

Let N = angle between norpial ta 
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J s, at P4 P/ and vertical = angle be- 




\ ■^"'--><: 

> / a: 

V- Ji. ^^SSiiJ 

tween tangent plane to C j s at P* P4' an 
H P, then we fiad the value of tan N to 
be tan N" =jpi cos a cosec d\ 

(27) .•.5enN=^^^^===== 

K 1 -f-pi C08 a coseCi u 

(28) cos N — ^ = 

/l-\-pi cos^ a cosec? d^ 

and if j^e = tan'^{p^ cosec or), we have 



(29) sin t^= 
(80) cos t^. 



P2 cosec a 



f^l-|-i>2* cosec^ a 

1 

^l-hPa* consec? a. 
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By spherical trigonometry 

(31) cos = cos "N cos t^ 4" **^ N 
^In t^ cos d'; whence, by substitution 

(32) cos = 

1 -\-pi2>^ cot a cot 6' 

"^(l-|-i>i' cos^ a cosec^ 6') (l+;>2* cosec^ a) 

Multiplying numerator and denominator 
l)y sin a sin d\ this becomes 

(33) 

sin a sin d'-\- pi pz cos a cos 6' 

•cos W — :^= 

^{sin* O'-^pi^ cos^ a) ( j»2^4"^m* a) 

If in this equation or = o, then by equa- 
tion (25), since h = 2rcota^ 9' = o, and 

lience cos =z?^ = 1, /. $ == o. 



If «i=90'— 2.6., the obliquity=0— by 
(25) 0'=O, and hence cos = ^ inde- 
terminate. The reason for this is, that 
the tangent lines to the curves 5 P4» 
■QP/a, and OP4r)>P'4;r by which we have 
^xed the position of the tangent plane 
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coincide when. a=90\ The value to- 
wards which cos approaches^ however,, 
is unity, as a approaches 90®, for from 
the relations between the quantities it is 
evident that when 0'=O, N must equal 
^e, and hence by equation (31), 
eo8 = cos^ t^'{-inn'^ t^=ll .'. <P = o. 

It follows, therefore, that there must 
be some value of a for which cos ^ is a 
minimum, and therefore ^ a maximum^ 
for any given values of pi and /),. Ow- 
ing to the complexity of the expression- 
for cos ^, this value would be very diffir 
cult to obtain by differentiation ; but it 
can be determined approximately by~ 
calculating a series of values of cos for - 
different values of a. This has bfeen. 
done, with the following results : 

The point for which the calculations- 
are made is P* P'4, for which 

x'= — r cos 10", y =zb = r sin 10**, 2 = 

^^^Pi = tan 10°, and /:>i = 0.47011 — ^ 

tan 25° 10' 43", the value of pi being; 
iound by equation (10). 
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From this table it appears that $ is a 
jnaximum when a has some value not far 
irom 20^. 

K the point considered be P P' for 
which X =.r cos r =r cos '89° 32' 23," and 

y = b = r8in 39*=^ 32' 23", 
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lee have 0'=o and/>,==Oi .% in equa- 
tion (33) COS ^ = ^, and from the same 
considerations as when a = 90^, we find 

cos ^ = 1, whence ^ = o, 

without reference to what the value of 
a may be. 

If, as is very probably the case, the 
direction of pressure is not exactly par* 
allel to the P F, but inclines somewhat 
towards the plane of the right section of 
the soffit, the effect will be to increase 
the tendency to slide on the C j s's* 
Near the springing plane, however, the 
direction of pressure in a vertical plane 
will not be exactly parallel to the tan- 
gent to the oblique section, but will 
make a less angle with the H P, which 
will tend, especially when the obliquity 
is considerable, to counteract the previ- 
ously mentioned effect. This refers to 
portions of the arch beloto P P' for which 
y = r sin 39° 32' 23" ; above this, the 
tendency to sliding being in the opposite 
direction ; if the line of pressure incline 
towards the plane of right section, it will 
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decrease this tendency, and thus add ta 
the stability of the arch. It is evident, 
from inspection of the table of yalnea 
of $ that a fuU cenVred arch should not 
be built by this method unless with a 
small obliquity, and then it would need 
to be thoroughly supported by the 
spandrels. 

These results differ entirely from those 
obtained in Chap.Vll. of Buck's treatise 
on oblique arches already referred to ; in 
fact, are in direct opposition to them. He 
derives a formula for the value of r de- 
pendent upon the obliquity of the arch^ so 
that r decreases with or, or as the obli- 
quity increases, and infers therefrom that 
the safety of the arch increases as it be- 
comes more oblique up to about 25°. I 
should state that his r has a slightly dif- 
ferent signification from mine. He under-^ 
takes to find the point at which the curves 
Q P'c, Q P'dT, etc., cut the intrados and 
extrados at the same height above the H 
P, and calls the angle included between 
a radius drawn to this point of the intra- 
dos and the H P the apgle r. It will be 
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'evident from inspection of the drawing 
..that this would give to r a somewhat 
greiter value than I have obtained, but 
stiLl independent of a, since the only con- 
stants in equation (9) are Oi ;r, and r. 

The following table taken from his 
book gives the values of r obtained by 
Buck from his formula for certain values 
of a^ from which he derives his inferences 
with reference to the security of oblique 
arches. 

.TABLS FROM BUCK'S ESSAY ON OBLIQUE BBmOES. 

When a = 65°, then t = 27° 17' 
« a = 55°, '' r = 25°13' 
" a = 45°, " r = 2l°4r 
" a = 35°, « r=16°38' 
" a=25°40'" r= 0° 0' 

Immediately under this table he re- 
marks, " It will be observed that the last 
angle is given 25° 40', at which the point 
r descends to the level of the axis of the 
• cylinder, and the whole semicircle is sdfeJ*^* 
By looking at the table of values of it 

* The itoZief are mine. 
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will be seen that, for this value of a^ $ 
will be about 32** or 33° at 10° above the 
Bpringing plane, r of course being 39° 32' 
23'' instead of o, and hence the arch will 
be anything but safe if a complete semi- 
oylinder. 

One incorrect assumption made by Buck 
in his derivation of the formula for the 
value of r is as follows. He says : " It 
may be shown that the tangent of the 
angle which the tangent to the intradosal 
spiral makes with the horizon diminishes 
as cos r«" He does not show it, how- 
ever. 
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Call the above mentioned angle ^, and 
the angle between the tangent to the- 
helix at any point and axis of the cylinder 
>^, then the true relation is 

sin tp = sin p cos r 

sin 6 cos r 
tan tp = 



^ — si?i^ p cos^ r. 

In the figure suppose A P to be the- 
.horizontal projection of an element <?« of 
the helix coinciding with the tangent line 
D E. A' P' is its vertical projection, and 
Ai Pi its revolved position about a hori- 
zontal line in a vertical plane through P. 
The angle Aj Pi Ci = tp, and the angle 
C A' P' = r. 

• •. ds sin tp==Ai Ci = A' C=A' F' cos r; 

but A' P' = ds sin p ; 

sin tp = sin p cos r. 

At the springing plane the tangent to 
the elliptical section parallel to the P F 
becomes vertical, and the value of ^[is^ 

^ A 2 

(34) tan <P = = — cot a. 
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At the crown it is 

/oJ\ a ^ a za/ (2 — 7i)cota 
(35) tan <P = tan 6 = ^ — ^ ^ , 

The following is a table similar to table 
I, giving the values of ^ at the crown 
and springing plane, derived from equa- 
tions (34) and (35). 

TABLE II. 

At the Crown. ^L^pS*" 

When a=60** -^c,= 9"" 50' ^Bp=18° 20' 
« 0=50° -^c,=ll° 53' ^«p=28° r 
« 0^40° -^c,=l2° 49' ^«p=a7°ll' 
« a=30° -^e,= 9° 16' ^3p=47°48' 

^0 =0o' is a maximum by equation (26) 
when a = 38° 35', for which value of a we 
find 6^ = 12° 50'. 

At the angle a = 25° 40' — the last one 
given in the table extracted from Buck's 
work — the line which he finds to be hori- 
zontal makes an angle with the H P of a 
little more than 29° 51', that being the 
angle between the tangent to the locus of 
equation (9) at the point R)) Cg and the 
HP, 
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* 

It will be noticed that the negative sign 
of i?e in Table IL comes from the fact that 
in equation (35) n is greater than 2. It in- 
dicates that the tendency to sliding is 
in the opposite direction from what it 
is below r. 



LOGARITHMIC METHOD. 

In this method the soffit is cylindrical, 
as in the last, and the case considered 
will be that in which the right section is 
circular. 

The heading joints are planes parallel 
to the P F, which, therefore, cut the soffit 
in ellipses, which are the h j c's. The 
c j c's are drawn on the soffit in such a 
manner as to cut each h j c at right 
angles. 

Now, the angle between any two lines 
of the soffit remains unchanged after the 
development ; hence, the developed c j c's 
must cut the developed h j c's at right 
angles. Also, if two lines be perpendicu- 
lar to each other, their projections on a 
plane parallel to one of them will be per- 
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pendicniar ; hence, if the arch be projected 
upon a plane parallel to the P F, the 
yertical projections of the c j c's will cut 
the ellipses which are the vertical projec- 
tions of the h j c's at right angles. These 
principles will be used in obtaining the ' 
equations of the curves. 

Let A B B, A, » B' V A, be the pro- 
jections of the Ex. S., and C D D, C, » 
D' V C, those of the soffit. O Q is the 
axis of the cylinder, D Ci 0, D, is the 
development of the soffit to be oon- 
structed from the projections, or by- 
means of ordinates found from equations 
(1) or (2). 

The developed h j c's are all parallel to 
D E O, F Cj, and hence may be drawn 
from a pattern constructed by means of 
this curve. Divide D D, into such a 
number of equal parts as will make the 
voussoirs of convenient size, and draw 
the h j c's through the points of divisioQ 
by the pattern. The length of one of 
these curves is equal to that of a semi- 
ellipse cut from the soffit by a P F, and 
is calculated by the aid of the following 
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formula, obtained by integrating the 
differential of the elliptical arc. 

If S = length of semi ellipse, a = semi- 
major axis and e = eccentricity, then 

<36) S=7ra(^l-j~gj-^-etc.^ 

The middle h j c, n o, must be next 
divided up into a convenient odd num- 
• ber of equal parts. The division is done 
on the middle line, in order that the two 
faces of the arch may be alike. We will 
next find the equation of the curve 
h Oj m of which the c j c's on the develop- 
ment of the soffit are portions. 

We have already found the equation 
of D E F Ci, equation (1), in considering 
the helicoidal method. With the origin 
at Oi, it is 

A X 

y = — 2" ^^* "7 

Differentiating 

dy h X 

If A; Oa m cut D E O, F Ci at right angles, 
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we must have, at the point of intersection, 

dy dy' dy' dx 
1 J_ • — ^ — ^ =3 o, or — — = 

•^ dx' dx' dx' dif 

dy' , . . ^ 

in which -^ is the differential co-em- 

<}ient of the curve to be found. Substitute 

diX 
the value of -^— from equation (37). 

^ dy' 2 r 

dx' ™" ^~ cc or dropping the 

h sin -, 
r 

primes, since the x and y in both mem- 
bers of the equation refer to the same 

point, 

, ^r dx 

sm—m 
r 

.'. Integrating 

2 r* X 

(38) y ^4 tan ^y^^* 

in which 4 signifies Naperian logarithm* 
If we let y^=o^ when x = -^r— , this bein^ 
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the condition that the curve shall pass 
through Oa, we have 

o ^i.(l)+c/ 

/. cm^Oy and 

(89) y iTl^tan^^. 

li we move the origin to O9 by* placing 
« ■■ jB* -}- ^-^ , equation (39) becomes 



y' — ^ ^e ^w ~ 2 

\ 2 r 

A V2r~4> 

or dropping primes and reducing^ 



(40)y-=- -j-l. 



2 ^ /l + ton 



SB 



2r 



1 — tan 



2r 
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In (40) if 

2 t* 
aj = o, y = — -^ /, (1) — o; 

It r 2r* 
« 2"'^ X '• (■*) * ' 

n r 2 r* 

« 

•*. the curve is asymptotic to the right 
lines 

x=, ± ; *. ^., to ^ X and D D'. 

If the obliquity of the arch in fig. (2) 
were in the opposite direction^ the right 
hand members of equations (1), (38)^ 
(39), and (40) would all he positive. 

To adapt equation (39) to convenient 
computation, let a; = n n r^ which is 
equivalent to dividing the distance n T'sss 
Oi X into n equal parts, for which ordi* 
nates are to be calculated. 

.*. Substituting common logarithms for 

Naperian, 

.... 2^* 1 , nn 

(4A)y -^. ^ktan-^. 
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in which l^ signifies common logarithm^ 
and M is the medulus of the common 
system. From this equation any number 
of ordiuates may be easily calculated for 
the construction of the curve k Oj m. 

The equation of the curve K O P Pi 
will next be found. This is the horizon- 
tal projection of the curve on the soffit of 
which k O^m is the development. Its^ 
vertical projection is of course the semi- 
circle D' V Cj. It is plain that for any 
value of y the x for the new equation 
will bear a certain relation to the x of 
equation (39), and hence may be derived 
from it. Call the co-ordinates of K O P 
x' and y\ x and y being those of equa- 
tion (39), 

•*. a5'=« — rfl — coS'-\; whence x — 

r cos-^( ^ jy and y' = y, the origm 

being at Oj. 

Substituting in equation (39) and omit- 
ting primes, 

2 r* r /x-\-r\'^ 

(42) y tr:i^tani^C08-\'^)\ 
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In (42) change the origin to O, and 
we have 

(43) y ^l,t(m il\coir'-). 



Now we have by trigonometry 



4-? 



eo^^ - = tanr"^ ^ = tan"^ Vr"—^^ 



r X X 



also 



tan 



i((.an-n^^^))=-'-'J'+^ 



X ^^ V^ 



X 



r — X I 



r — a; 



Substituting in (43) we have 



which is the equation of K O P with the 
origin at O, O Q being the axis of y. 
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In (44) if a: = o, y = ^ I. (1) — o 



"a; — r,y = — ?,(qo)— oo 

n 



" ar= -r, y= _ 4(o) = — oo. 

n 



Equation (39) solved for x is: 

by 
(45) a; = 2 r tan"^ €~ r? 

in which e is the base of the Naperian 
system of logarithms. It is sometimes 
desirable to consider y as the indepen- 
dent variable, in which case the equation 
takes this form. 

We will now give a table of values ot 

"^h tan — rt" corresponding to a series 

of values of n, also the values of x in 
equation (44) for which the ordinates are 
equal to the corresponding ordinates of 
the curve k O, m. 



49 



TABLE m. 



Values of n in 
'Equation (41.) 


vmnes of 
1 z *«^ ** ^ 


Values of X in 
Equation (44) 
forwbichyis 
equal to the 
V of Equa- 
tion (41). 


0.01 


4.2331 


0.99951r 


0.02 


— 3.4601 


0.99803r 


0.03 


— 3.0541 


0.99556r 


0,04 


— 2.7659 


0.99211r 


0.05 


2.5421 


0.98769r 


0.10 


1.8427 


0.95106r 


0.15 


— 1.4266 


0.89101r 


0.20 


— 1.1240 


0.80902r ' 


0.25 


— 0.8810 


* 0.70711r 


0.30 


0.6742 


0.58779r 


0.35 


— 0.4897 


0.45399r 


0.40 


— 0.3195 


0.30902r 


0.45 


0.1577 


0.15643r 


0.50 


0.0000 


O.OOOOOr 



Rbhabks^ 



N.B.—The val- 
ues of a? in col- 
umn 3 are to be 
laid off from 
the axis of the 
cylinder as 
the axis of y. * 

In equation 
(41) the aicis^ 
qfyis OyD^. 

To obtain the 
corresponding 
values of a; for 
the curve I O 
L M, substitute' 
r^ for r in the* 
3d column, the 
axis of y being 
the same. 



By means of this table the curves 
k OiTn and K O P may be easily and 
accurately constructed, as well as the 
curves I O'L M and N R O4 6)r the 
Ex's. 

For the curve I O L M, which is the 
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intersection of a o j s, with a cylinder 
concentric with the soffit, we have i£x be 
the abscissa of K O P, x' the abscissa of 
I O L M and ri the radius of the concen- 
tric cylinder, 



X r rx' 



X r ' 



^ , or a5' 



This value in equation (44) gives 

(46) y — ^ Zerjr;^^;;^(primesomitted). 

For the curve N R O4 which is the 
development of I O L M, calling the 
abscissa oikO^m x^ and that of N R O4 
x\ we have 

XT TX 

X Ti Ti 

which, in equation (40), gives, omitting 
primes, 

2^ /i-f fei»2^ 



(47) y j-U 



X 

1 — tan 5— 



which is the equation of N R O4 with the 
origin at O4. The ordinates for this 
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curve are the same as those for the curve 
kOiTn when we give the proper values 
to a;, that is, make x = n 7t Vi^ and meas- 
ure it from the line B^ B, as the axis of 
ordinates. 

The curve S V T is a projection of the 
curve K O P Pi on a plane parallel to the 
P F, of which p qis the horizontal trace. 
In constructing an arch by this method 
it would be desirable to project it on 
such a plane, and hence this curve would 
be needed. It cuts at right angles the 
projection on- iti^ plane of any ellipse cut 
from the soffit by a plane parallel to the 
P F, and its equation is found by a pro- 
cess similar to that by which equation 
(39) was obtained. Let g p be the axis 
of a; and O' V the axis of y.^^ The equa- 
tion of the ellipses to which the curve is 
to be normal at point of cutting is 

(48) y {x — a^y + ay = a'b' 
in which Oi is the variable abscissa of the 
centre. Differentiating 

dy V (x — Oi) 

^ = -J— — or substituting value 



of Oi from (48) 
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dy ^ b^V — y" 
dx . ay * 

' dxi dv' 
This in the formula 1 + ^. ^= o. 



^y' ay 



*^^®* ^' = "" A ./x« .., ; or, dropping 



primes, since x and y in tl>e two members 
refer to the same point, 



dx = —'^y-^dy /y — y^ 
Whence, by integration 

a { ^^-»|/5«— y« yo—y) 

If we let ^ = o where y = 5 — i, e., place 
the centre of the curve at O' — then c = o, 
and 

m ^ 
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This curve is symmetrical about l)K>th 
axes of reference, and is asymptotic to 
the axis of at. 

To obtain (49) in a convenient form 
for computation, place y = nb^ then 



From this'equation have been calculated 

the values of the parenthesis for a series 

of values of n, as given in the following 

table. 

TABLE rv. 



Vtlaes of n. 


Values ofiL?. 


0.1 


± 


2.000 


0.2 


± 


1.313 


0.3 


± 


0.921 


0.4 


± 


0.650 


0.5 


± 


0.450 


0.6 


± 


0.299 


0.7 


± 


0.184 


0.8 


± 


0.093 


0.9 


. ± 


0.032 


1.0 




0.000 
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The c j c's on the development of the 
soffit may be constinicted by means of a 
pattern, one side of which is cut by the 
curve k Oa m, and the other side is 
straight and parallel to I X. By placing 
this pattern upon the curve k Oa w, lay- 
ing a straight-edge along the back, and 
then sliding the pattern till it passes 
through the different points of division 
on the line n o, the proper portion of the 
pattern for each . curve will be found. 
For construction upon a very large scale 
— ^as, for instance, upon a platform the 
true size of the arch — this method would 
be impracticable. The point of the curve 
A? Oa m which passes through any point 
of division on the curve n o may then be 
found by calculation. Find by measure- 
ment or computation the value of a? for the 
point of division — i» e., its distance from 
the line .D Da.; take this distance as a 
fractional part of 7t r — i. c, as a value of 
n — and, substituting in equation (41), 
find the corresponding value of y ; this 
will be the constant c of equation (38). 
Subtracting this from the ordinates 
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found from Table HL will give the ordi- 
nates of the curve measured from a line 
parallel to d X through the point of 
division. It would also be desirable to 
determine the exact point in which any 
c! J c cut the curve D, C,. We can ap- 
proximate very closely to this as follows : 
Find the point as nearly as possible by 
sketching in the curve from Table III. ; 
through the point thus found draw a 
parallel to Oi X; find the distance from 
this parallel to the one drawn through 
the point of division on n o correspond- 
ing to the same c j c ; add this distance 
to the value of c found as above ; take 
this as the value of y in equation (45), 
and compute from it the corresponding 
value of X ; this will be the true abscissa 
of the curve on the line parallel to Oi X 
through the point as first found, and of 
course will give the intersection of the 
c j c with the curve D, C, with great 
accuracy. 

The h j s's are, of cdurse, planes par- 
allel to the P F. The c j s's are 
a species of conoid generated by a 
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right line moving on the axis of the 
cylinder as one directrix, a c j c aft 
another, and remaining always perpen- 
dicular to the former. Any plane per- 
pendicular to the axis is therefore a plane 
directer. The intersection of any c j ft 
with the P F will be a curve, several 
points of which will be needed in a con- 
struction upon a large scale. These may 
easily be found by drawing one or more 
semicircles between D'V'C, and B'V'Aj^ 
finding, by Table III., the curves corre- 
sponding to I O L M, for the cylindera 
of which these semicircles are the vertical 
projections, and then erecting perpen- 
diculars to the ground line from the 
points of intersection of these curves 
with the P F (or planes parallel to it) to 
meet the semicircles. Projected on a 
plane parallel to the P F, these curves 
of intersection of the c j s's with the P 
F will be normal to the elliptical section 
cut from the soffit by the P F at the 
points in which .they cut it, and hence 
will be tangent to the projections on the 
same plane of the c j c's. All the above 
remarks apply also to the intersection of 
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a c j s with any h j s — i. e., any plane 
parallel to the P F. 

In order to cut thie voussoirs patterns 
must be made of the cylindrical and 
plane faces of each. It will also facili- 
tate the operation to construct each in 
isometric projection, drawing on the 
cylindrical face one or more elements 
of jbhe cylinder as guides in the cutting. 
Cut first the two plane faces of the vous- 
8oir precisely parallel to each other ; cut 
roughly another plane face, making an 
angle with these two approximately equal 
to that between the P F and a tangent 
plane to the soffit at some point of the 
cylindrical face of the voussoir (i. 6., to 
the angle /3 of equation (51), from which 
equation its value may be found) ; lay 
the stone in such a position that the first 
two faces shall be vertical, and the third 
uppermost; apply to the vertical faces 
the patterns for the ends of the voussoir^ 
with the edges next the soffit uppermost, 
their relative position being fixed by 
measurement from the drawings; mark 
out the ends by the patterns, and also 
the points where one or more elements of 
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the cylinder pierces the h j s; sink 
drafts in the upper face connecting these 
points, and then cut the cylindrical face 
by a templet cut to the radius of the 
soffit, and applied at right angles to the 
elements. Next apply the pattern of the 

soffit, and draw by it 
r— liiiiini^ 'jd'thn lines ab^c d^ for 

the edges of the 
ar — "T-ggggiM^t stone. In the figure 

a c? is an element of 
the cylinder, the stone being seen from 
above, and being taken from a course 
near the crown of the arch. 

The warped faces can be cut by means 
of a templet of the form shown in the 
accompanying figure. The arc a J c » 

a' V c' is cut 
to the radius 
of the cylin- 
der, and the 
arm adn a'cT 
is firnxly 
fixed so a» 
to be norjnal 
,? to the arc at 
the point 
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a » «'. The cross-bar ef\% perpendicular 
to a Cy and its upper edge also perpendicu- 
lar to the plane 
e ofabcy>a'b'c' 

and ad y> a' d!, 
^))^'and^i))/ 



d 



o 



I 



c are braces. 




Suppose the 
stone were cut, 
then,ifthecur- 
V e d edge of 
the templet 
were applied to the cylindrical face with 
the edge of cross-bar e f coinciding with 
an element of the cylinder, and the point 
a » a' at the edge of the voussoir, the 
edge a d y> a' cF of the normal arm 
would lie upon the warped face, and 
coihcide with an element of it. If a 
number of drafts be sunk in the stone, 
then, by means of this templet, the 
warped faces can be easily cut. It only 
remains to cut the Ex s of the Toussoir. 
If this surface is to be a cylinder concen- 
trie with the soffit,* the intersections of 
this cylinder with the c j s's can be at 
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once laid off on the stone by the aid 
of the templet. Measure on a d » a! d' 
from a'» a' the distance r^ — r, between 
sofht and Ex s ; mark the point, and, 
applying the templet as described 
above, mark on the stone any number of 
points in the required curve. If the 
arch is to be built upon with stone, it 
would be better to cut the Ex s in steps, 
each stone having one or more horizontal 
and vertical plane faces when in position 
in the arch. \This would not add to the 
difficulty ot cutting the stones, though it 
would somewhat to that of making the 
drawings. This way of cutting the 
stones is shown in the drawing of the 
arch according to the " cow's horn " 
method. 

The diedral angle at the edge of a 
voussoir must not be less than a certain 
limit, otherwise the stone will be de- 
ficient in strength at this edge. The 
limit is usually taken at 60°; hence it 
follows that a full centred arch should 
not be constructed by this method with 
a greater obliquity than 60°; but,^s the 
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Angle between a tangent plane to the 
soffit and the P F increases as the ele- 
ment of contact is taken higher above 
the springing plane, up to 90° at the 
<^rown, it is evident that a segmental 
arch may be built with a greater ob- 
liquity than 60°, whose diedral angles 
will be within the limits. To find the 
<5hord of the segment (i, «., the 
span), 

Let a = Ca D, D' = obliquity of 
arch. 

Let ^ = angle between P F and tan- 
gent plane to soffit ; ^. 6., its limiting 
angle. 

Let y = angle between the tangent 
plane to soffit and the H P. 

Then we have a right-angled spheri- 
cal triangle, and by spherical trigo- 
nometry, cos ft = cos a sin y 



cos ft 



or sm y = • , 

^ cos a 



. -V « . ^r COS ft 

(51) .'. Span ^=2r siny^= 



cos a 
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If we let /J = 60°, then cm >8 = ^ ; 

/. Span == = r secant a. 

cos a 

Also eo8 a=s from which we can 

span 

determine the limit of obliquity for a 
giyen segment. 

If the span = r, then cos a = 1, and 
a = o. Therefore we may give any 
obliquity to the arch that we please with- 
out passing the limit. If a = 30°, the 

limiting span is 

2 r 
Span= -^ = 1.1546 r. 

The security of the arch constructed 
after this method will next be considered. 
In Fig. 2 the curves Q P' a and Q P/ ft 
are the vertical projections o( the curves 
cut from the o j s, whose directrices are 
the axis of the arch, O Q, and the curvd 
K O Pi by the planes P c and Pi Oj. 
These curves will be shown to h^ve maxi- 
mum points at P P' and Pi P/ where they 
pierce the soffit. A K O L ^ is the hori- 
zontal projection of the curve cut from 
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the same o j s by the horizontal plane ef^, 
and it will be shown that its tangent at 
the point of piercing the soffit is perpen* 
dicniar to the P F. It will likewise bo 
shown that the tangent plane to the c j • 
at any point of the c j c is perpendicnlar 
to the tangent to the elliptical section 
parallel to the P F at that point. Hence, 
where it intersects the soffit every c j s ia 
exactly normal to that direction which 
we have assumed to be the direction of 
the pressure. 

First to obtain the equation of a o j s. 
Let the line O X be the axis of as, the line 
Z O Q the axis of z ; then let the axis of 
y be a vertical line through O. Then the 
equations of the curve K O P Pi will be 

(a) A^ + y' = r' 

Equation (ft) is derived from equation 
(44) by substituting « for y and changing 
the sign of the right hand member, be- 
cause the axis O Q in equation (44) was 
considered as positive from O toward Q, 
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TSirliile now it is taken as positiTO from O 
toward Z. 

Let 3- = {J, and solve equation (J) 
for jc 

. •. 6* = — j — ; whence 

r -j- x^ 

l — eT 

(62) x = r. Yl^r^ 

Por the point Xi we have 

I ^ 

(63) Xi = r' 



Substitute value of Jti from (53) in (a). 

^ 1 — 2 e^'i + e* «i 

— *^l, (1 + e<^,Y ) 

(54) 

The equation of a line in X T through 
the points (^1 yj) and («, y.) is 

/55N y — y» ^ yi — yt 



r, r - 


— y 


l+2e». 


+ 


e-. 


l + 2«-i 


+ 


e"", — l + 2e-r 


-e'-. 






(1 + e-0' 






• 
• • 


yi 


2 r ►^e", 
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Since O Q is a directrix of the surface, we 
flhall have 

(56) aJt = yi «= o 

/. substituting from (53), (54), and (56) 

in (55) 

or reducing and making Zi general by 
dropping the subscript, 

y _ AiL — -?j!J1 

1 — «^ 

which is the equation of a c j s. 

Intersect this surface by the yertioal 
plane P c dT, whose equation is 

(58) 2=-^(a|-^), 

in which a == O o := intercept on X, and 

2r 

— — — =s ra/i oc. 
h 

Substituting value of z from (58) ia 



y 2e ^ _2^' 

(^9) TT «(«r-<e) 



a; 

1-6 ' 



if we let u = 
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This is the equation of the curves 
<5 P' a, Q P/ b, etc. In (69) if or = Oi, 
i/ = 00 ; .'. the line x=(ii is an asymp- 
tote. Also if a? = o, y = o, and if a? = 
±00, y = o^ and the axis of sc'is an 
:asymptote. 

Differentiating (59) 

4jlx (1 —V")' 

c?w 1 

But ^ = — ~> therefore after reduction 

For a maximum ^ = <^ 5 

.*. r — X — (r + x) ^ = o. 
<61) ^-^?L— ^ 
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This equation gives the values of x for 
which y is a maximum. 

Now eliminate y between equations 
(59) and (a), 

•*• «^ +(111^2=^; whence 

(1 _[_ e*\* 
■^ nu ) = ^; therefore solving 

for 6*", 

(61') 6''* = ^^. 

This equation, which gives the x co-ordi- 
nate of the point of intersection of the 
curves Q P' a, Q P\^, etc., with the 
circle D' V Ca, is identical with (61), 
which gives x where y is a maximum; 
therefore the curve whose equations are 

2e''x 



y 



1—6 



3u 



2r 

has its tangent line horizontal at the 
point of piercing the soffit. 
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To find the inclination of the tangent 
at the point where the curve pierces a 
cylinder concentric with the soffit whose 
radius is fi. If the co-ordinates of this 
point be Xi yi we have by substituting in 
(61'), U| for w, n for r, and Xi for or, 



ri-\-Xi >l 



ri — oh 
ri + xC 



Substituting these values in (60), 






■xi — (r+^i) — i — ■ 



^ 



(i _ n^-^y • 

whence by reduction, 



(62) 



rfyi _ (r — n) >^n* — xi^ _ % 



if we let ri — r = S. 

dy 
If we multiply -^ by co* a, we obtain 

the tangent of the angle between the tan- 
gent line to the curves c P » Q P'a, 
Oi Pi » Q P/J, etc., at the point of pierc- 
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ing the Ex s and the H P. CaU this 
angle ^, then 

6yi cos a 
(63) tant^—- \^ - 

Suppose a — 60°, — = j5» then 

If aji=ri co« 10°, yi=ri sin 10°, and i=0'> 40' 20' 
** a?i=ri C05 20°, yi=r^ sin 20° and <=1*» 23' 20' 
** Xi=ri cos 30°, yi=ri «in 30°, and <=2° 12' 16" 

Intersect the locus of equation (57) by 
the plane 



t/ = i; 



as 



b 2e • 



X 1—e' 



fi» J 



solving this for e s as a quadratic, 



e* = 5 ' — 



,„>...._j^(.f±^^. 
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Differentiating and reducing, 

When af==o,-5-= -r rr =^ t^ T ^<*^ ^» 

fc=r,and ^o,^-^.^r-;:/«^ « 

To find the angle at which the locus of 
(64) pierces a cylinder concentric with 
the soffit, eliminate y between y ^=h and 
«* + !/' = n". 

Substitute this value of « in (65), 

(66) 

dzi 2r^ -.2rr r 

,\ , p — z — — +-7-.-=— ^anar 

dx zf.h^r,^—b'-{-b^ ^A>i r, 

_. dzt __ , 

If ri = ry—j- = /ij» or. We see there- 
fore that the locus of (64) pierces the sof- 
fit at the angle a. — i. ^., its tangent is 
there perpjendicular to the P F — and that 
it pierces any cylinder concentrib with 
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the soffit at a constant angle for any 
given value of a, no matter what value b- 
may have. 

The surface is thus seen to differ very 
essentially trom the helicoid previously 
considered, as regards tendency to slid- 
ing on the coursing joints, as is indeed 
evident from a comparison of the two 
drawings. 

The tangent plane to the c j s at any 
point of the c j c, as P P', must contain 
the element of the surface through the 
point and the tangent line at the point to 
the curve cut out by a horizontal plane 
through the point ; therefore it must be 
perpendicular to the P F. The tang, of 
the angle between it and the H P will be 
equal to 

(67) tan 'P Q C^ cosec a = ian^ 
if N be the angle between the normal at 
P P' and a vertical line ; but this is also 
the expression for the tangent of the angle 
between a vertical line and the tangent 
line at P P' to the elliptical section of the 
soffit parallel to the P F ; therefore the 
assumed direction of pressure is normal 
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to the c j 8 at any point of the c j c. 

This result might have been predicted 

from the mode of construction of the c j c's. 

The curve cut from a c j s by the plane 

(68) .= |-(._a.) 

parallel to the P F is always convex to- 
wards the springing plane between the 
Boffit and Ex s. Its equation found by 
substitution in (57) is 



»• 



If* 



if we place Tzr (« — Oi) = t?. 

By differentiation and reduction we obtain 
in the same way in which we found (62) 

which is the tangent of the angle between 
the tangent line to the locus of (69) at 
point of piercing the cylinder whose ra- 



73 

dins is riand the horizontal plane. To 
obtain the angle between the tangent line 
to the curve in space whose equations are 
(68) and (69) and the H P, multiply (70) 

Call this angle ^i, then 

Xi ' r sin a 

If ri = Ty which gives the point of pier- 
cing the soffit, 

(72) tan t^ =^ . ^ — ——eoaec a, 

which is identical with equation 
(67). 

„ 1 (y 

I^-^=-jg, and a = 60^, then 

when ?^=:tow 10° ^,=11° 52' 60% ^,=11° 30' 30" 
a?, 

" ^=tan 20°, <i=23° 28' 16', ^,=22° 47' 46' 



Xy 



it 



^^ian 30°, ^^=34° 33' 30", ^,=33° 41' 24' 



;(\ 



74 

t The points for which ti and t^ are found 
being on the same radius are of course on 
different curves, though these curves are 
so near together that the difference be- 
tween the angles ^ and t^ is very nearly 
the same as the difference between the 
slope of the tangents to a single curve at 
the points of piercing the soffit and Ex s. 

The function w=ti — t, is found by 
differentiation to be a maximum when 

^1= ^ -^ = ean 44° 32' 

r 
where a and — have the values assigned 

above. The maximum value of the func- 
tion in this case is ti — ^s = 56' 31". 

It appears, therefore, that at no point 
on the c j s, between the soffit and'the 
Ex 8 does the normal to the c j s vary to 
any extent from the assumed dii'ection of 
pressure. 



cow's HORN METHOD. 



In this method the soffit is a warped 
surface called the Come de Vache^ or 
Cow's Horn, g^erated in the following 



■MMBM 



J 



■'■'■'■■ • 
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manner. A right line moves on three 
direptiiceB, which ^re : 1st, two equal 
ellipses in parallel, vertical planes, hav- 
ing their transverse axes in the spring- 
ing plane of the arch ; and Sd^ a right 
line drawn in the springing plane per- 
pendicular to the plane of the ellipses, 
through the centre of the parallelogram 
formed by joining the extremities of the 
transverse axes of the ellipses. These 
ellipses may, of course, as a particular 
case, be circles. In Fig. 3, the plane of 
one face of the arch is taken as the V P, 
and jthe springing plane is the H P. In 
referring to Fig. 3, the following notation 
will be employed. Any letter with h 
written above it as an exponent, means 
the horizontal projection of a point, and 
the same letter, with exponent ^?, is the 
vertical projection of the same point, and 
this point will be referred to as the point 
A, B, etc. ; ».6., the point whose projec- 
tions are A** A% B** B"", etc. A line drawn 
through these two poiiits would be, 
therefore, the line A B. If one projec- 
tion of a point is in the ground line, h or 
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Vy as the case may be, is replaced by o, 
and if the point itself i« in the ground 
line, it will be designated by the letter 
alone without exponent. 

In Pig. 3, the parallelogram A*' B** C D 
is the horizontal projection of the soffit. 
Its centre O is the point through which 
the rectilinear directrix of the soffit is 
drawn perpendicular to the V P, since 
this coincides with a P P. The three 
directrices of the cow's horn surface are 
then the ellipses D S I C, and A K N B, 
and the right line O Z lying in the H P. 
The elements of the surface are to be 
drawn so as to cut these three directrices. 
The vertical projection of O Z is a point 
in the ground line at 0% hence the verti- 
cal projections of the elements will be 
lines radiating irom this point. By drop- 
ping perpendiculars from the points 
where the vertical projections of the ele- 
ments meet the vertical projections of the 
elliptical directrices to the horizontal 
projections of the same, the horizontal 
projections of the elements will be found, 
as will be seen in the case of the elements 
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R S, P Q, etc. The elements of the -ntr- 
face are the edges of the voussoirs—ih^t is, 
thecj c's, which, therefore, in this method 
become right lines, while the h j c's, being 
sections of the soffit parallel to the P F, 
are curves of the 4th degree. It is, of 
course, impossible to develop the soffit, 
since the consecutive elements are not in 
the same plane. 

The arch must be divided up into 
courses on the median section in order 
that the two faces may be alike. To find 
this, draw the vertical projections of a 
number of elements, and bisect the por- 
tion of each included between the points 
in which it cuts the vertical projections 
of the elliptical directrices; through 
these points of bisection the median 
cui-ve may be drawn. In Fig. 3, it is the 
line L T, and is only drawn as far as the 
crown of the arch. The length of this 
median curve would have to be ascer- 
tainied by construction upon a large scale, 
and accurate measurement. It may then 
be divided into a convenient odd num- 
ber* of equal parts, and the elements of 
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the surface, which are the c j c's drawn 
through the points of division. 

The h j s's in this method, are planes 
parallel to the planes of the faces of the 
arch, while the c j s's are hyperbolic 
paraboloids the method of whose construc- 
tion will next be shown. It will first be 
shown that a hyperbolic paraboloid may 
be drawn having an element in common 
with any warped surface, and normal to 
this surface at every point of the com- 
mon element. It is proved in works on 
descriptive geometry, that, if two warped 
surfaces h^ive a common element, and 
have common tangent planes at three 
dilTerent points of this element, they are 
tangent to each other throughout' the 
length of this element. Therefore, we 
can always draw a hyperbolic paraboloid 
tangent to a warped surface along an 
element; for draw tangent planes at 
three points of any element, and in these 
planes, through the points of tangency, 
draw right lines parallel to some given 
plane; if a rectilinear generatrix be 
moved on these lines, a hyperbolic para- 
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boloid will be generated tangent to the 
warped surface along the element. Now, 
revolve this tangent surface about the 
common element as an axis through an 
angle of 90°; it will then be normal to 
the other surface at every point of the 
element. If the lines drawn in the tan- 
gent planes are perpendicular to the com- 
mon element, after revolution through 
90°, they will be perpendicular to the 
tangent planes, and hence normals to the 
warped surface. Hence it follows that 
the directrices for a c j s may be three 
normals to the soffit, drawn at any con- 
venient points of the corresponding c j'c, 
or element. The points at which normals 
are most easily constructed are those in 
which the element cutH the three direc- 
trices, but as the intersection with the 
rectilinear directrix will generally be be- 
yond the limits of the drawing, some 
other point must be used instead of this 
one. A method will now be given by 
which a tangent line can be easily and 
simply constructed at any point of any 
section of the cow's horn surface, by a 



plane parallel to thedliptical directrices. 
7^U tangent line being found, of course 
the normal to the surface at the point of 




tangenoy can be drawn at once. Let 
A V B and C V D be vertical projectionK 
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of the elliptical directrices, P, that of the 
rectilinear directrix, P, X that of the 
element through Pi, which is a point of 
some section of the soffit by a plane 
parallel to the P F, and OF and E F 
tangents to the curves A V B and C V D, 
at the points where they are cut by Pg X. 
E F and O F will meet on Pj F because 
this is the axis radical of the two curves. 
Let OE =» a, OF — ft, PaO == a^ and 
O P4 =1 fti. Take O as the origin of co- 
ordiuates, the line Pj X as the axis of 
abscissas, and the line O Y as the axis of 
ordinates. Then the equation of the 
tangent line E F will be 

that of the line P, P5, 

and that of the tangent line O F, 

(74) ar = 0. 

We will now find the equation of the 
line cutting O X and P, Pg in such a 

maimer that p-|.= p* p^ Let O Pj = 
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n X OE == n a. To find the co-ordinates 
of the point Pg eliminate between (72) 
and (73) 

a ai(b — M 

*^ a,b + ah' similarly 

For the point P4 the co-ordinates are 
Hence for P^ we shall have 

and for P^, a^ == n a, y^ = 0. 

Substituting these values of x^ yi, a!| y, in 
the equation of a line through two points 

(y— yi) (-Ti— a5,)==(a; — a^) (y^ — y,) 
we have after reduction, 

(75) y _( ^<»-^)(<3^i H-« fti-y^ g(ft-^) ) 

^i a (« -f- «:) 

which is the required line. 
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Xow in this equation we may give to 
hi any value we please, positive or neg- 
ative ; suppose it to change gradually in 
value from some positive quantity to some 
negative, the line 6 Pi will change posi- 
tion accordingly, and at the instant in 
which hi passes through zero it will be 
tangent to the section through Pi; for 
the law of this curve of section is, that it 
cuts off an wth part of the portion of 
any radial line included between the two 
curves A V B and C V D ; hence at the 
instant that ^i = the line G Pi coin- 
cides with an element of the curve. In the 
figure G Pi is this limiting case ; i. 6., the 
tangent at Pi, and the line of equation 
(75) would cut the axis of y very slight- 
ly nearer to F, but the two lines would so 
nearly coincide for this position of P, Pu, 
that G Pi is made to answer for both. 
Now in equation (75) make ^i = and we 
have the equation of the tang, to the curve 
of section. 

/7fl\ . .. _ ^ (^ (^— ^) (gi + n g) 
^'^^ •• ^~ na(a + Oi) 

For the intercept on Y let « = 0, 
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or putting it into the form of a propor- 
tion, 

(78) a -f- «! : ^ a + aj : : 6 : yo* 
Hence to draw a tangent at any point of 
a curve of section of a cow's horn surface 
by a plane parallel to the curve direc- 
trices, draw the vertical projection of the 
element through the point (V P sup- 
posed parallel to P F), and tangents to 
the curved directrices at their points of 
intersection with the element; lay off 
E H and Pi I each equal to P, O = ai ; 
draw H P to the point of intersection of 
the tangents previously drawn, and I Gr 
parallel to H P ; through 6 draw G Pj, 
then will G Pi be the required tangent 
line; for 

0H = 0E4-EH = a + ai, 

0I=:0Pi4-PiI = w« + (^u 
and O F = d; /. by (78) O G = y. 

We will now construct a hyperbolic 
paraboloid normal to the soffit, and inter- 
secting it in the element B S. Since 
lines perpendicular to each other have 



85 

the^r projectioiiB on a plane parallel to 
one of them perpendicular, the vertical 
projections of the normiils ean be drawn 
at once perpendicular to the tangents to 
the vertical projeetions of the curve direc- 
trices and the median section at the 
points R, U, and S. Their horizontal 
projections will be perpendicular to the 
horizontal traces of the tangent planes to 
the soffit at B, U, and S. These tangent 
planes will of course be the planes 
through the tangent lines to the soffit 
at R, IT, and S, already drawn, and the 
element of the surface R S. Portions 
of their horizontal traces are a^^ yd, and 
£^, to which the horizontal projections ^f 
the normals S a, IJ &, and R e are per> 
pendicular. These three normals are the 
directrices of our c j s. To find an ele- 
ment of the 1st generation, pass a plane 
through one directrix and find the points 
where the other two pierce it; join these 
points by a right line ; this line will be 
an element of the surface. Take, for 
convenience, the plane which projects 
a S on the vertical plane of projection, 
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then b and c will be the points in which 
the other directrices pierce this plane; 
therefore a o is an element of the first 
generation. Any number of other ele- 
ments may now be found by merely di- 
viding up a c and S R, or a S and c R 
proportionally, as in Fig. 3. In the fig- 
ure the horizontal projections of several 
elements of each generation are drawn, 
but the vertical projections of those of 
the first generation only. 

Next the intersections of the c j s 
with the P F's and with the Ex s must be 
found. The vertical projection of the 
intersection of the c j s just constructed 
\\dth the V P is the line t^ &\ of which 
the portion drawn varies but little from 
a right line. There are a number of 
forms in which the Ex s may be cut. 
It may be a cylinder whose axis passes 
through O and is parallel to EH; or a 
co-axial cow's horn siH&ce generated on 
the extradosal ellipses H Ii G and E K^ 
F ; or the exterior surface of each course 
may be cut like the course M^ Qi by one 
vertical plane through /and k, and one 
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inclined through c?, /© g and k\ or each 
course may be cut in a series of steps, 
as in the course P N, by a number of 
hoiizontal and vertical planes. The last 
method would be preferable for the vous- 
soirs at the ends of each course, how- 
ever the others were cut. 

Except in the case where the Ex s is 
cylindrical, no face of a voussoir can be 
cut by the aid of a templet. Cut first 
two plane faces on the stone precisely 
parallel for the ends of the voussoir. If 
the Ex s is to be cut in the manner of 
P N or P, N,, it would be best to cut 
next the other plane faces of the vous- 
soir of which patterns can be made 
from the drawings. Then apply the 
patterns of the heads and mark the lines 
on the stone, marking also the points 
where one or more elements of the ruled 
surfaces forming the soffit and c j s's 
pierce the plane of the head of the vous- 
soir* The warped faces can then be cut 
by a straight edge. The soffit face 
should be cut first, and the elements 
forming the edges of the voussoir mark- 
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,ed; then s^U the bounding linea q£ the 
jcoajsing joint faces will be giv^ on the 
stoaey and .draughts can be sunk by a 
straight-edge in a direction perpendicu- 
lar to the soffit edges of the stone by 
.which the c j s's may be cut. 

The curves Jd^ I m and nop are the 
,eyplutes of the ellipses A K B and P I 
,C, and are ooavenient in drawing the 
normals to thesis curves which are re- 
quired. 

The curved directrices of this arch we 
take ellipti<^l so as to correspond with 
the curves xsut from l^e soffit in the 
other methods hy planes, parallel to the 

In each of the drawings the direct 
span is 30 fib,, the oblique 34.64 ft. 
As=60^, and the number of courses is 49. 

It is evident from the drawing that if 
a perpendicular to the H P be erected 
at the point O, it will pierce the soffit in 
the Kne K I, which is parallel to the 
rectilinear directrix and lower than the 
highest points of the elliptical directrices, 
so that the crown of the arch curves 
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downward toward the middle, from which 
peculiarity the surface derives its name, 
" cow's horn." Plainly, if this curvature 
were so great as to cause the median sec- 
tion of the soffit to be convex toward the 
springing plane at the crown, the arch 
would be unsafe ; indeed, could pot stand 
at all. We will investigate the conditions 
under which this will be the cas^, and to 
this end will obtain the equation of the sur- 
face. Let the line O X be the axis of X, 
O Z the axis of Z, and let the axis of Y 
be a vertical line through the origin O. 
The equations of the three directrices 
will then be 

^ ' a* ~b* {Equations of 



1 



DIG; 



(80) l^a = — d 

(81) f ('"-*>• 4.y'+ii 

^ 'I a* ^6' ^ I Equations of 

1 1 AKB; 

(82)U = «y J 

(83) a; = 0, y = 0, equation of OZ ; 
iu which « = 0*y = 0°r, and 

<y = OK = 01 == ^ distance be- 
tween the faces of the arch. 
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The equation of a plane .through the 
axis of «- is 

(84) - y =zmx 

in which m = tangent of angle between 
plane and H P. 

We will now find, by elimination, the 
co-ordinates of the points, in which (79) 
and (81) pierce this plane, obtain the 
equations of the element through tiiese 
points, and then eliminkte the constant m. 
From (79) and (84) we obtain after re- 
duction, and placing a' m* -[- ** = **> 

Similarly from (81) and (84), 

J-\- be ±a VJ^ — «• m'l 
x,= *[ ^^_ _j. 

Also from (80) and (82) we have 
2jj = — S and «, = -|- ^' 
Substituting these values of aji, jr„ ajj, and 

Zo in the equation — — ^ of a 
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line through two points in X Z, we have 

and by reduction 

(85) b^ ez — a^dm^'x — db^x 

which is one equation of the element 
through (an z^ and (ar, 2,), equation (84) 

being another. 

Squaring (85), introducing the value 
of m from (84), and reducing, we Obtain 

or factoring, 

which is the equation of the cow's horn 
surface. If > be taken negative, the ,Qb- 
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liquity of the arch will be in the opposite 
direction from that of Pig. 3. 

Equation (86) contains only even 
powers of y^ hence the surface is sym- 
metrical with respect to the plane X Z. 

If 2 r« ± 6y\t becomes 

the equations of the curved directrices. 

I ^' 

lix = 0, we have y =± ft>J 1 h two 

right lines parallel to the rectilinear di- 
rectrix. 

If y =« 0, then 2 =s — ^ — -J-— ^. 

If 2; s=s some constant = n c^, we 
have the intersection by a plane parallel 

to the P F. 

and if ;i = 0, this becomes 
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the equation of the median section. 

I ^ 

In (88) let y — *>J 1 — -^= height 

above X Z of lowest point of orown 
of arch ss ordinate of median section 
where aj — 0. 

.••C^+Q-S))'-l-0-D-«> 

whence by reduction 

• (89) a; — ± ^2 «' — a\ 

This equation gives the x co-ordinates 
of the points in which a tangent to the 
median section at the extremity of its 
minor axis cuts the curve. In order that 
the arch may stand, these points must be 
imaginary. 

In (89) when €>a /^> 0.7071 a, x h real ; 
" £_a ^^=0.7071 a,x = 0; 
" £<a f^^<0.7071a, oj is im- 
aginary. 

The third of these cases is therefore 
the condition of stability. 
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The same result may be obtained by 

€mAJ 

differentiating (88), placing -y- = 0, and 

making the condition that there shall b© 
only one value of x for which y is a 
maximum. 

In equation (86) if £ «= 0, we have 

a' ^ b' ' 

a cylinder whose axis is O Z. 

If £ «= a, by transposing and extracting 
square root 

Va*^W a "^ a' 

the equation of two cones tangent to each 
other along the axis of 2r. 

The equations of the c j s's can be 
found without difficulty, but they contain 
so many constants and are so complex 
as to be of no practical utility. The 
character of the arch as regards stability 
and tendency to sliding on the coursing 
joints, can be easily seen by examination 
of Fig. 3 and comparing it with Figs. 1 
and 2. It will be noticed that the vertical 
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projection of each element takes a direc- 
tion between those* of the normals to the 
elliptical directrices at the points where 
it cuts them ; therefore at some point be- 
tween these it must coincide with the 
vertical projection of the normal to the 
section at that point by the heading 
plane through it. It follows that at this 
point the element will be perpendicular 
to the direction which has been assumed 
to be that of the pressure, and from the 
manner of its construction the c j s will 
be also normal to this direction. At the 
crown this point is midway between the 
faces of the arch, and as we approach the 
springing plane it moves toward the 
points A and C. The curve A, U S^ is cut 
from the cjs, ESao by a horizontal 
plane through the point U, and the por- 
tion of it from U toward 5 which would 
lie upon the coursing joint would evi- 
dently be nearly perpendicular to the 
direction of pressure. The curve ^ v S 
is cut from the coursing joint surface 
through the element M N, and the por- 
tion which is upon the voussoir is almost 
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exactly perpendicular to the P F. /ti VySi 
Ib cut from the'snrfaoe«of the lower face 
of the Bame course M Q. n p ? i& the 
curve cut from the c j s through the first 
c j o on that side by a vertical plane per- 
pendicular to the P P through B, It va- 
ries but slightly in the distance nr ^ from 
a right line. tTi p^^^ is a similar curve cut 
by a plane through L. The first one or 
two c j s's from the springing plane vary 
so slightly from a plane in the portion in- 
cluded between the inner and outer sur- 
faces of the arch that they might well 
enough be made exa>ctly plane when the 
number of courses is large. 

This method of constructing the arch 
gives results therefore, as regards ten- 
dency to sliding in the coursing joints, 
intermediate between those found in the 
two methods previously considered, but 
approaching far more nearly to those ob- 
tained in the logarithmic method; that 
is, the c j s's are nearly normal to the di- 
rection of pressure. 

An arch may also be constructed with 
the cow's horn soffit and plane coursing . 
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joints as follows : On any element, as M 
N, take points midway between the head- 
ing planes, and at these points draw nor- 
mals to the surface; through these nor- 
mals and the element pass planes which 
will form the cj s's. The coursing joint 
will then be cut in a series of steps, and 
a portion of the voussoirs will have a tri- 
angular vertical face midway between 
the two ends. If the Ex s be also cut 
in steps, the youssoirs will have all their 
faces plane except the soffit, and all their 
edges straight lines except the intersec- 
tions of the heading planes with the sof- 
fit. The construction of the drawings 
and cutting of the stones would thus be 
comparatively easy. 

What was said in treating of the loga- 
rithmic method with regard to the limit 
of obliquity by reason of the edges of 
the voussoirs becoming too sharp where 
a is less than 60°, applies equally well to 
this method, of construction. In this 
case, however, as in that, segmental 
arches can be built in which a < 60"". 
Equation (51') could be used to ascertain 



98 

approximately the allowable span for a 
given radius and obliquity when the 
semi-axes of the elliptical directrices have 

the ratio to each other — = cos. a; that 

a 
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is, such that if the soffit were cylindrical, 
its rischt section would be a circle. 

If the curved directrices are circles, we 
may obtain an approximate result as 
follows, by supposing the soffit to be 
cylindrical. 

Let the angle PiAPP^ = 4>, 

" AB^B° = a, 

the distance C P^ k= JCi, 

and ft — the angle between the P F and 
the tangent plane to tlie soffit (supposed 
cylindrical). 

A V"" B° will then be a right section of 
the cylinder, and its equation will be, 
ifV^P = r, 

^ I y'_i. 

The equation ot the tangent plane to 
the cylinder will then be 

or y— r-2— . » 

tan Y =* ^~a — * and 



8tn y =a 
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But by (51) $m y 



^x^ -f" ^1* ^^* ^ 

COB ft 



COS a 2 COS a 
if we let /? = 60®. 



«i 



'^^i' + yi' sin* a 2 cos a 
.-. 4 «* co«* a — ari^ + y,'' sinl^ a. 
Dividing by x^, 



a?, 

We have tan, ^ — ?^?^ whenr»A 

Xi cosec a' ^aence 

~2 — ta7i^ ^ cose& a. 

Substituting 

4 cos^ a — \ = « tan^ ^ ain^ a 

tan = cos a whence 

Sin a 

-, tan a 
cos w == — /=. 

^ 3 
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(90) Oblique span = 2 r co« (?► 

^ ^ ^ tan a 

/3 tan W . 

2 

If a 30**, oblique span "=* q-*"- 

2 
If a«45*', oblique span =* "p^^— U647r 

In the cow's bom soffit this formula^ a» 
well as (51"), will make the diedral an- 
gles at the edges of the vonssoirs in the 
first course slightly greater or less than 
60^, according to their position in the 
course. The exact solution of the prob- 
lem involves an equation of the 4th de* 
gree with four real roots. 

COMPASISON OF THE THRBE METHODS. 

There is one advantage possessed by 
the helicoidal method over each of the 
others; viz., that it may be constructed 
of brick. This is owing to the fact that 
the successive c j c's are parallel^ so that 
the voussoirs, except those at the ends of 
the courses, are all exactly alike, while iii 
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the other methods eaoh stone is different 
from the next one, though the two haloes 
of the arch on each side of the kev- 

m 

stone are alike, so that any stone cut 
for one side will fit also in the corre- 
^>onding place on the other side.. .The 
fact that the different voussoirs are alike 
in the helicoidal method, of course les- 
sens the labor of preparing the drawings, 
and of making the necessary measure- 
ments. As regards the difficulty of cut* 
ting the stones, however, this method 
does not seem to have any serious advaii- 
tage over the others even by the approx- 
imate method of cutting which has been 
mentioned, while if the coursing iatnd 
heading joint faces were cut with exact- 
ness, as helicoidSj the difficulty would be 
fully equal to if not greater than that by 
the other methods. 

It may be considered an advantage as 
regards appearance that the qupin-stones 
should be all alike, or rather those faces 
of the quoin-stones which coincide with 
the faces of the arch. This, of course, is 
the case only with the helicoidal method. 
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It appears tome, howeyer, that the grad- 
ual decrease in the size of these &ces 
from one side of the arch to the othe^r 
wonld not be displeasing to the eye, 
when taken in connection with the direc- 
tion of the c j c's which wonld make the 
reason for the decrease obvious. The 
real test, however, of the relative value 
of the different methods would appear to 
be that of security. When this test is 
applied, the logarithmic and coW's horn 
methods both excel by &r the helicoidal. 
It has been shown that in the last men^ 
tiooed, when semi-^rcnlar, there is o^ 
ways a tendency to sliding on the cours- 
ing joints, both above and below a cer- 
tain point ; that is, the assumed direction 
of pressure is no^ere normal to the 
coursing joints except at a certain height 
above the springing plane equal to r sin. 
39° 32' 23", and that near the springing- 
plane this tendency to sliding increases 
rapidly with the obliquity up to ar*±«20° 
(about) ; while in the logarithmic meth- 
od along each c j c this tendency is zero ; 
that is, the assumed direction of pressure 
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is normal to the c j s at any point of the 
c ] c, and in the cow's horn the tendency 
is small as compared with the helicoidal. 

The logarithmic method, therefore, 
seems to approximate to theoretical per- 
fection as regards security, is followed 
closely by the cow's horn, »id at a great 
distance by the helicoidaL 

The cow's horn soffit admits of plane 
coursing-joints, as has been shown, which 
are not feasible in the others, and thus 
possesses an advantage over them, if such 
an approximate construction be desira- 
ble. If cheapness be an important item 
to be considered, the last-mentioned 
method would seem to present most ad- 
vantages, as avoiding almost en^ely the 
use of curved surfaces, and at the same 
time reducing the sliding tendency to a 
small amount. 

If the main thing to be considered is 
security^ the logarithmic method must 
stand first. 
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WILLIAMSON (R. S.) On the use of the Barometer on 
Surveys and Reconnoissances. Part I. Meteorology 
in its Connection with Hvpsometry. Part II. Baro-* 
metric Hypsometry. By R. S. Wiliamson, Bvt 
Lieut. -Col. U. S. A., Major Corps of Engineers. 
With Illustrative Tables and Engravings. Paper 
No. 15, Professional Papers, Corps of Engineers. 
X vol 4to, cloth 15 00 

FOOK (S. M.) Method of Comparing the Lines and 
Draughting Vessels Propelled by Sail or Steam. 
Including a chapter on Laying off on the Mould- 
Loft Floor. By Samuel M. Pook, Naval Construc- 
tor. I vol. 8vo, with illustrations, cloth. 5 00 

ALEXANDER (J. H.) Universal Dictionary of 
Weights and Measures, Ancient and Modern, re- 
duced to the standards of the United States of Ame- 
rica. By J. H. Alexander. New edition, enlarged. 
X vol. 8vo, cloth 3 50 

BROOKLYN WATER WORKS. Containing a De- 
scriptive Account of the Construction of the Works, 
and also Reports on the Brooklyn, Hartford^ Belle- 
ville and Cambridge Pumping Engines. With illustra- 
tions. X vol folio, cloth 

RICHARDS' INDICATOR. A Treatise on the Rich- 
ards Steam Engine Indicator, with an Appendix by 
F. W. Bacon, M. £. x8mo, flexible, doth x •• 
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?OP£. Modern Practice of the Electric Telenaph. A 
Hand Book for Electricians and operators. By Frank 
L. Pope. Eighth edition, revised and enlarged, amd 
fully iUlustrated. Svo^ doth. (a.oo 

<* Ther« li no other work of tbis kind In th« BngUib Unipiase that con- 
tains in 80 imnll a eompMS ao mnch practical information in the appli- 
Rutlon or galTanlc electricity to telepvphy. It ahonld be in the hands of 
every one Intereited In telegraphy, or the qm of Batteries A>r other par* 
poeea." 

MORSE. Examination of the Telegraphic Apparatus 
and the Processes in Tele^phy. By Samuel F. 
Morse, LL.D.) U. S. Commissioner Paris Universal 
Exposition, 1867. Illustrated, 8vo, cloth $a 00 

SABINE. History and Progress of the Electric Tele- 
graph, with descriptions of some of the apparatus. 
B^ Robert Sabine, C E. Second edition, with ad- 
ditions, zamo, cloth • x 35 

CULLEY. A Hand- Book of Practical Telegraphy. By 
R. S. CuUey, Engineer to the Electric and Interna- 
tional Telegraph Company. Fourth edition, revised 
and enlarged. Illustrated 8vo, cloth 5 00 

BENET. Electro-Ballistic Machines, and the Schultz 
Chronoscope. By Lieut -Col. S. V. Benet, Captain 
of Ordnance, U. S. Army. Illustrated, second edi- 
tion, 4to, cloth 3 00 

MICHAELIS. The Le Boulenge Chronograph, with 
three Lithograph folding plates of illustrations. By 
Brevet Captain O. E. Michaelis, First Lieutenant 
Ordnance Corps, U. S . Army, 410, cloth 3 00 

ENGINEERING FACTS AND FIGURES An 
Annual Register of P|pgress in Mechanical Engineer- 
ing and Construction, for the years 1863, 6a, 65, 66, 
67, 68. Fully illuMated, 6 vols. i8mo, cloth, $3.50 
per voU, each volume sold separately 

HAMILTON. Useful Information for Railway Men. 

Compiled by W. G* Hamilton, Engineer. FifUi edi- 
• tion, revised and enlarged, 56a pages Pocket form. 

Morocco, gilt a cm 

7 



3). VAN N08TRAND 8 rUBT.ICATIONS. 



STUART. The Civil and Military Engineers of Amer- 
ica. By Gen. G. R Stuart With 9 finely executed 
portraits of eminent engineers, and illustrated by 
engraving of some of the most important works con- 
structed m America. 8vo, cloth $5 00 

STONE Y. The Theory of Strains in Girders and simi- 
lar structures, with observations on the application of 
Theory to Practice, and Tables of Strength and other 
properties of Materials. By Bindon B. Stoney, B. A. 
New and revised edition, enlarged, with numerous 
engravings on wood, by Oldham. Royal 8vo, 664 
pages. Complete in one volume. Svo, doth 1500 

SBREVE. A Treatise on the Strength of Bridges and 
Roofe. Comprising the determination of Algebraic 
formulas for strains in Horizontal, Inclined or Kafter, 
Triangular, Bowstring, Lenticular and other Trusses, 
from nxed and .moving loads, with practical applica- 
tions and examples, for the use of Students and Engi- 
neers. By Samuel H. Shreve, A. M., Civil- Engineer. 
87 wood cut illustrations. Svo, cloth 5 00 

KERRILL. Iron Truss Bridges for Railroads. The 
method of calculating strains in Trusses, with a care- 
ful comparison of the most prominent Trusses, in 
reference to economy in combination, etc., etc By 
Brevet Col. William E. Merrill, U S. A., Major 
Corps of Engineers, with nine lithographed plates of 
Illustrations. 4to, cloth 500 

WHIPPLE. An Elementary and Practical Treatise on 
Bridge Building. An enlarged and improved edition 
of the author's original work. By S. Whipple, C £ , 
inventor of the Whipple Bridges^ &c illustrated 
8vo, cloth • 4 00 

THE KANSAS CITY BRIDGE. %^ith an account 
of the Regimen of the Missouri River, and a descrip- 
tion of the methods used for Founding in that River.' 
By O Chanute, Chief Engineer, and George Morri- 
son, Assistant Engineer. Illustrated with five litho- 
graphic views and twelve plates of plans. 4t0f cloth, 6 00 

8 
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MAC CORD. A Practical Treatise on the Slide VaWe 
bv Eccentrics, examining by methodsthe action of the 
£ccentric upon the Slide Valve, and explaining the 
Practical processes of laying out the movements, 
adapting the valve for its various duties in the steam 
engine. ^ For the use of Engineers, Draughtsmen^ 
Machinists, and Students of Valve Motions in gene 
raU By C. W. Mac Cord, A- M., Professor of Me- 
chanical Drawing, Stevens* Institute of Technology, 
Hoboken* N. J. Illustrated by 8 full page copper- 
plates. 4to, cloth $4 oo 

KIRKWOOD. Report on the Filtration of River 
Waters, for the supply of dties, as practised in 
Europe, made to the Board of Water Commissioners 
of the Citf ofSt Louis. By James P. Kirk wood. 
Illustrated by 30 double p!ate engravings. 4to, cloth, 15 00 

PLATTKER. Manual of Qualitative and Quantitative 
Analysis with the Blow Pipe- From the last German 
edition, revised and enlar^^ed. By Prof. Th. Richter, 
of the Royal Saxon Mining Academy. Translated 
by Prof H. B. Cornwall, Assistant in the Columbia 
School of Mines, New York assisted by John H. 
Ciswell. ^ Illustrated with 87 wood cutsi and one 
lithographic plate. Second edition, revised, 560 
pageS) 8vo, cloth 7 50 

PLYMPTON. The Blow f*ipe. A system of Instruc- 
tion in its practical use being a graduated course of 
analysis for the use of students, and all those engaged 
in the examination of metallic combinations Second 
edition, with an appendix and a copious index. By 
Prof. Geo W. Plympton, of the Polytechnic Insti- 
tute, Brookl3m, N^ Y. lamo, cloth a 00 

PYNCHON. Introduction to Chemical Physics, desir- 
ed for the use of Academies, Colleges and High 
Schools. Illustrated with numerous engravings, and 
containing copious experiments with directions for 
nreparing them. EW Thomas Ruggles Pynchon, 
M. A., Professor of Chemistry and the Natural Sci- 
ences, Trinity College, Hartrord New edition, re- 
vised and enlarged and illustrated by 269 illustrations 
on wood Crown, 8vo. cloth 3 «> 
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■LIOT AND STOR£R. A compendious Manual of 

SualiUtive Chemical Analysis. By Charles W. 
liot and Frank H. Storer. Revised with the Ck>- 
operation of the authors. By WOliam R. Nichols, 
^ofessor of Chemistry in the Massachusetts Insti- 
tute of Techn<dogy Illustrated, lamo, doth. $t 59 

RAMMELSBERG. Guide to a course of QuantiUtive 
Chemical Ajialysis, especially of Minerals and Fur- 
nace Products. Illustrated by Rxamples By C. F. 
Rammslsberg. Translated by J. Towler, M. D. 
8vo, cloth » *i 

EGLESTON. Lectures on Descriptive Mineralogv, de- 
livered at the School of Mines, Columbia College. 
By Professor T. Egleston. Illustrated by 34 Litho- 
graphic Plate& 8vo,cloth 4 5* 

MITCHELL. A Manual of Practical Assayins. By 
John Mitchell Third edition. Edited by William 
Crookcs, F. R. S. 8vo, doth. xo 00 

WATT'S Dictionary of Chemistry New and Revised 
edition complete in 6 vols. 8vo doth, $6a.oa Sup- 
plementary volume sold separately. Price, doth. . . 9 co 

RANDALL. Quartz Operators Hand-Book. By P. M. 
RandalL New edition, revised and enlarged, fully 
illustrated. i2mot doth so* 

SILVERSMITH. A Practical Hand-Book for Miners. 
Metallurgists, and Assayers, comprising the most re- 
cent improvements in the disintegration, amalgama- 
tion, smelting, and partine of the Predous ores, with 
a comprehensive Digest of the Mining Laws. Greatly 
augmented, revised and corrected. By Julius Silver- 
smith. Fourth edition. Profusely illustrated xamo, 
doth 3 o* 

THE USEFUL METALS AND THEIR ALLOYS, 
including Mining Ventilation, Mining Jurisprudence, 
and Metallurgic Chemistry employed in the conver- 
sion of Iron, Copper, Tin, Zinc, Antimony and Lead 
ores, with their applications to the Industrial Arts. 
By Scoffi^n, Truan, Clay, Oxland, Fairbaim, and 

•thers. Fifth editioDi half calf •.••• 3 75 

XO 
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JOYNSON. The Metals used m construction, Iron* 

Steel, Bessemer Metal, etc, etc. By F. H. Joynson* * 
Illustrated, lanu^ doth t^ 7$ 

YON COTTA. Treatise on Ore Deposits. By Bern- 
hard Yon Cotta, Professor of Geology m the Royal 
School of Mines, Freidbexs^ Saxony. Translated 
from the second German edition, by Frederick 
Prime, Jr., Mining Engineer, and rerised by the au- 
thor, with numerous illustrations. 8vo, doth. 4 o« 

URE. Dictionary of Arts, Manufiictures and Mines. By 
Andrew Ure, M.D. Sixth edition, edited by Robert 
Hunt, F. R. S., greatly enlarged and re-written. 
London, 1873. 3 vols. 8vo, doth, $35.oa Half 
Russia 37 50 

BELL. Chemical Phenomena of Iron Smelting. An 
experimental and practical examination of the dr- 
cumstances which determine the capadtyof the Blast 
Furnace, The Temperature of the air, and the 
proper condition of the Materials to be operated 
upon. By I. Lowthian Bell. 8to, doth 600 

ROGERS. The Geology of Pennsylvania. A Govern^ 
ment survey, with a general view of the Geology of 
the United States, Essays on the Coal Formation and 
its Fossils, and a description of the Cool Fields of 
North America and Great Britain. By Henrv Dar- 
win Rogers, late State Geologist of Pennsylvania, 
Splendidly illustrated with Plates and En^ravines in 
the text 3 vols., 4to^ doth, with Portfolio of Maps. 30 00 

BURGH. Modem Marine Engineering, applied to 
Paddle and Screw Propulsion. Consisting of 36 
»)lored plates, 359 Practical Wood Cut Illustrations, 
and 403 pages oi descriptive matter, the whole being 
an exposition of the present practice of James 
Watt & Co., J. & G. Rennie, R. Napier & Sons, 
and other celebrated firms, by N. P. Burgh, Engi- 
neer, thick 4to, voL, doth, I25.00 ; half mor. 30 «• 

BARTOL. Treatise on the Marine Boilers of the United 

States. ByEH. Bartol. Illustrated, 8vo, doth... z 5* 

II 
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BOtTRNE. TreatiM on the Steam Engint in iu vnriow 
applications to MIdm, Mills, Steam NavigatJon, 
Kailwajrs, and Agriculture, wim the tiieoretical m- 
vestintions respecting the Motive Power of Heat, 
and the proper proportions of steam engines. Elabo- 
rate tables of the right dimensions of every part, and 
Practicad Instructions for the manu&ctorf and man- 
agement of every species of EM;ine in actual use. 
By John Bourne, being the mnth edition of "A 
Treatise on the Steam fingine," by the " Artisan 
Qub." Illustrated by 38 ^ates and 546 woodcuts. 
4to, cloth $15 00 

STUART. The Naval Dry Docks of the United 
Slates. By Charles B. Stuart late Engineer-m-Chief 
of the U. S. ^avy. Illustrated with 24 engravmgs 
onsteel. Fourth edition, doth «...» 600 

£ADS. System of Naval Defences. Bv Tames B. 

Eads, 0. E., with xo illustrations, 4to, doth 5 00 

FOSTER. Submarine Blasting in Boston Harbor, 
Massachusetts. Removal of Tower and Corwin 
Rocks. By J. O. Foster, Lieut -Col. of Engineers, 
U. S. Army. Illustrated with seven plates, 4to, 
doth 3 50 

BARNES Submarine War&re, o£Eensive and defensive, 
including a discussion of the offensive Torpedo Sys- 
tem, its effects upon Iron Clad Ship Systems and m- 
fluence upon future naval wars. By Lieut -Com- 
mander J. S. Barnes, U. S. N., with twenty litho- 
graphic plates and many wood cuts. 8vo, cloth. . . o . 5 oo 

HOLLEY. A Treatise on Ordnance and Armor, em- 
bradng descriptions, discussions, and inrofessional 
opinions concerning the materials, fistbrication, re- 
quirements, capabilities, and endurance of European 
and American Guns, for Naval, Sea Coast, and Iron 
Clad War&re, and their Rifling, Projectiles, and 
Breech-Loading ; also, results of ejqwriments against 
armor, from official records, with an appencUx refer- 
ring to Gun Cotton, Hooped Guns, etc, etc By 
Alexander L. Holley, B. P., 948 pages, 403 engrav- 
ings, and 147 Tables of Results, etc, 8vo, naif roan. 10 09 
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SIMMS. A Treatise on the Principles and Practice of 
LeTellins^ showing its application to purposes of 
Railway Cngineerinc and the Gonstruetion of Roads, 
&C. By Frederick W. Simms, C. £. From the 5th 
London edition, revised and corrected, with the arai- 
tion of Mr. Laws*s Practical Examples for setting 
out Railway Curves. Illustrated with three Litho- 
graphic plates and numerous wood cuts. 8vo, doth. $a 50 

BURT. Key to the Solar Compass, and Surveyor's 
Q)mpanion ; comprising all the rules necessary for 
use^in the field; also description of the Linear Sur- 
veys and Public Land System of the United States, 
Notes on the Barometer, suggestions for an outfit for 
a survey of four months, etc- By W. A. Kurt, U. S. 
Deputy Surveyor. Second edition. Pocket book 
form, tuck«..... a 50 

THE PLANE TABLE. Its uses in Topographical 
Surveying, from the Papers of the U. S. Coast Sur- 
vey. Illustrated, 8vo, cloth a so 

" Thtfl worK e\v9t a description of Uie PUoe Table, employed at the 
U. S. Coait Surrey olBce, and the manner of uiing It." 

JEFFER»S. Nautical Surveying. By W. N. Jefiers, 
Captain U. S. Navy. Illustrated with 9 copperplates 
and 31 wood cut illustrations. 8vo, cloth. 5 00 

CH AU VENET. New method of correcting Lunar Dis- * 
tances, and improved method of Finding the error 
and rate of a chronometer, bv equal altitudes. By 
W. Chauvenet, LL D. 8vo, dotli 300 

BRUNNOW. Spherical Astronomy. By F. Brunnow, 
I'h. Dr. Translated by the author from the second 
German edition. 8vo, cloth 6 50 

PEIRCE. System of Analytic Mechanics. By Ben- 
jamin Peirce. 4to, doth 1000 

COFFIN. Navigation and Nautical Astronomy. Pre- 

Pared for the use of the U. S. Naval Academy. By 
rof. J. H. C. Coffin. Fifth edition. 5a wood cut illus- 
tntions. lamo, cloth 3 50 
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CLARK. Theoretical NaTuntion and Nautical Astron- 
omy. By Lieut Lewis Clark, U. S. N. Illustrated 
witn 41 wood cuts. 8to, doth $3 eo 

HASKIN8. The Galvanometer and its Uses. A Man- 
ual for Electricians and Students. By C H. Has* 
Idns. zamo, pocket Unna, morocco. (In press). .... 

GOUGE. New System of Ventilation, which has been 
thorottghlv tested, under the patronage of many dis- 
tinguished persons. By Henry A. Gouge. With 
many illustrations. 8vo, doth t. 309 

BECKWITH. Obsenrations on the Materials and 
Manu&cture of Terra-Gotta, Stone Ware, Fire Bride, 
Porcelain and Encaustic TOes, with remarks on the 

Srodncts exhibited at the London International Exhi- 
ition, X871. By Arthur Beckwith, C. £. 8vo, 
paper. * 60 

MORFIT. A Practical Treatise on Pure Fertilizers, and 
the chemical conversipn of Rock Guano, Marlstones, 
Coprolites, and the Crude Phosphates of Ume and 
Alumina genendly, into various valuable products. 
By Campbell McM^t, M.D., with a8 illustrative plates, 
8vo,doth t ao oo 

BARNARD. Tne Metric System of Weights and 
Measures. An address delivered before the convoca- 
tion of the University of the State of New York, at 
Albany, Aueost. 1871. By F. A. P. Barnard, LL.D., 
President of Columbia College, New York. Second 
edition irom the revised edition, printed for the Trus* 
tees of Columbia College. Tinted paper, 8vo, doth 3 o9 

■ I Report on Machinery and Processes on the In* 
dustriai Arts and Apparatus of the Exact Sdencea. 
By F. A. P. Barnard, LL.D. Paris Universal Ex- 
position, 1867. Illustrated, 8vo, doth. 500 

BARLOW. Tables of Squares, Cubes, Square Roots, 
Cube Roots, Red(>rocats of all integer numbers up to 
yo,ooa New edition, zamo, doth. • 9 jft 

14 
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MYER. Manual ofSignals, for the use of Siffnal officers 
in the Field, and ior Military and Naval Students. 
Military Schools, etc A new edition enlarged ana 
Illustrated. By Brig. General Albert J. Myer, Chief 
Signal Officer of the army, Cdonefof the Signal 
Corps during the War of the Rebellion, xamo, 48 
plates, full Roan • $5<m 

WILLIAMSON. Practical Tables in Meteorology and 
Hypsometry, in connection with Uie use of the Bar- 
ometer. By CoL R. S. Williamson, U. S. A. 4to, 
doth t 50 

THE YOUNG MECHANIC Containing directions 
for the use of all kinds of tools, and for the construc- 
tion of Steam Eiudnes and Mechanical Models, in- 
cluding the Art oTTuming in Wood and Metal By 
the author "The Lathe and its Uses," etc. From 
the English edition with corrections. Illustrated, 
zamot dfoth t 75 

PICKERT AND MBTCALF. The Art of Graining. 
How Acquired and How ProducedL with description 
of colors, and their application. By Charles Pickert 
and Abraham Metcalt Beautifully illustrated with 
42 tinted plates of the various woods used in interior 
fuushing. Tinted paper, 4to, doth 10 00 

HUNT. Designs for the Gateways of the Southern En- 
trances to the Central Park. By Richard M. Hunt 
With a description of the des^ns. 4to. doth 5 00 

LAZELLE. One Law in Nature. By Capt. H. M. 
Laxelle, U. & A. A new Corpuscular Theory, com- 
prehending Unity of Varctf Identi^ of Matter, and 
Its Multiple Atom Constitution, ajq^hed to the Physi- 
cal Affections or Modes of Energy, ismo^ doth. . • t 50 

PETERS. Notes on the Origin. Nature. Prevention, 
and Treatment of Asiatic Cholera. By John C 
Peters, M. D. Seoond edition, with an Appendix, 
ijmoj doth ••• ..*•• •• I j» 
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BOYNTON. Historv of West Point, its Military Im* 
portaooe during the American Rerolution, and the 
Oriffin and Hietory of tlie U. S. Military Academy. 
By Bvt Major C. £. Boynton, A.M. , Adjutant of the 
Military Academy. Second edition, 416 pp. 8yOi 
printea on tinted paper, beantifully illustrated with 
36 maps and fine engravinga. chiefly from photo- 
graphs taken on the spot by the author. Extra 
doth $3 i* 

WOOD. West Point Scrap Book, being a collection of 
Legends, Stories, Songs, etc, of the U. S- Military 
Academy. By Lieut O. £. Wood, U. S. A. Illus- 
trated^ by 69 engraving and a copperplate map. 
Beautifully printed on tmted paper. 8vo, doth 5 o4 

WEST POINT LIFE. A Poem read before the Dia- 
lectic Sodety of the United States Military Academy. 
Illustrated with Pen-and-ink Sketches. By a Cadet 
To which is added the song, *' Benny Havens, oh I" 
oblong 8vo^ 31 full ps^e illustrations, cloth. a 50 

GUIDE TO WEST POINT and the U. S. MiliUry 
Academy, with maps and engravings, x8mo, blue 
cloth, flexible •• i 00 

HENRY. Military Record of Civilian Appointments in 
the United States Army- By Guy V. Henry, Brevet 
Colonel and Captain First United States Artillery, 
Late Colonel and Brevet Brigadier General, United 
States Volunteers. Vol. i now ready. VoL a in 
press. 8vo, per volume, doth 500 

HAMERSLY. Records of Living Oflioers of the U. 
S. Navy and Marine Corps. Compiled from oflicial 
sources. By Lewis B. Hamersly, late Lieutenant 
U. S. Marine Corps. Revised edition, 8vo, doth. .. 5 «• 

MOORE. Portrait Gallery of the War. CiviL Military 
and Naval. A Biographical record, edited by Frank 
Moore. 60 fine portraits on steel. Royal 8vc^ 
dothtf. 6 00 

16 



-• '« 



I < 



IL 



/' 



_-«=*= 



aio7ASHomb 




B89078540416A 






J 



t 



BRIDGEB! By Prof. WMrCAm.' Ifllus- 
trated. 

No. 39 -A HAND-BOOK OF THE ELECTRO- 
MAGNETIC TELEGRAPH. By A. E. 
LoRiNG, a Practical Telegrapher. Illus- 
trated. \ 



NOSTRAKD'S SCIENGE SERIES. 



TRANSMISSION OP POWER BY COMPRESSED 
AIR. By Robert Zahner, M. E. Illustrated. 
TRENGTH OP MATERIALS. By WlUiam Kent. 
OUSSOIR ARCHES, applied to Stone Bridges, Tun- 
nels, Culverts and Domes. By Prof. Wm. Cain. 
AVE AND VORTEX MOTION. By Dr. Thomas 
Craiff, of Johns Hopkins University. 
"RBINB WHEELS. By Prof. W. P. Trowbridge. 
ERMODYNAMICS. By Prof. H. T. Eddy. 
E-MAKING MACHINES. Prom the French of M. 
Le Doux. Illustrated. 
I o. 47.— LINKAGES; the Different Forms and Uses of 
Articulated Links. By J. D. C. DeKoos. 
No. 48. -THEORY OF SOLID AND BRACED ARCHES. By 

Wm. Cain, C. E. 
No. 49.-ON THE MOTION OF A SOLID IN A FLUID. 

By Thomas Craig, Ph. D. 
No. 50. -DWELLING HOUSES : their Sanitary Construction 

and Arrangements. By Prof. W. li. Corfield. 
No. 51. -THE TELESCOPE: Its Construction. &c. By 

Thomas Nolan ^ 

No. 52.— IMAGINARY QUANTITIES: Translated from the 

French of M. Argand. By Prof. Hardy. 
No. 53.— INDUCTION COILS: How Made and How Used. 
No. 54.— KINEMATICS OP MACHINI;RY. By Prof. Ken- 
nedy. With an introduction by Prof. Thurston. 
No. 55.— SEWER GASES. By A. De Varona. 
No. 56.— THE ACTUAL LATERAL PRESSURE OP EARTH- 
WORK. By Benj. Baker, M. Inst. C. E. 
No. 57.— INCANDESCENT ELECTRIC LIGHTS By Compte 

Th. Du Moncel and Wm. Henry Preece. 
No. 58.— THE VENTILATION OP COAL MINES. By W. 

Pairley, M. E., P. S. S. 
No. 59.— RAILROAD ECONOMICS; or, Notes, with Com- 
ments. By S. W. Robinson, C. E. 
No 60.— STRENGTH OF WROUGHT IRON BRIDGE MEM- 
BERS. By S. W. Robinson, C. E. 
POTABLE WATER, and the Different Methods of 
Detecting Impurities. By Chas. W. Polkard. 
HE THEORY OP THE GAS ENGINE. By 
Dugald Clerk. 

OUSE DRAINAGE AND SANITARY PLUMB- 
ING. By W. P. Gerhard. 
LBCTR O-MAGNETS. By Th . du Moncel. 
CKET LOGARITHMS TO FOUR PLACES OF 
DECIM ALS. 

YNAMO-ELECTRIC MACHINERY. By Silvanus 
P. Thompson. 

RAULIC TABLES. By P. J. Flynn. 
TEAM HEATING. By Robert Briggs. 
HEMICAL PROBLEMS. ByProf.Foye. 
XPLOSIVE MATERIALS. By M. P. E. Berthelot. 

boards, 50 cents each. 
Jent free by maU on receipt of price . ^ . 

NOSTRAHD, Mllslier, 23 lnHay & 27 Warifill sts., N. Y. 
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